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CLOSED-LOOP SOLVABILITY OF DELAYED CONTROL
PROBLEMS: A STOCHASTIC VOLTERRA SYSTEM APPROACH *

WELJUN MENGT, TIANXIAO WANG#, AND JI-FENG ZHANGS#

Abstract. A general and new stochastic linear quadratic optimal control problem is studied,
where both state delay and control delay can appear simultaneously in the state equation and the cost
functional with time-varying coefficients. The closed-loop outcome control of this delayed problem is
given by a new Riccati system whose solvability is carefully established. To this end, a novel method
is introduced to transform the delayed problem into a control problem driven by a stochastic Volterra
integral system without delay. This method offers several advantages: it bypasses the difficulty of
decoupling the forward delayed state equation and the backward anticipated adjoint equation, avoids
the introduction of infinite-dimensional spaces and unbounded control operators, and ensures that the
closed-loop outcome control depends only on past state and control, without relying on future state
or complex conditional expectation calculations. Finally, several particular and important stochastic
systems are discussed. It is found that the model can cover a class of stochastic integro-differential
systems, whose closed-loop solvability has not been available before.

Key words. Stochastic delayed optimal control, time-varying coefficients, closed-loop solvabil-
ity, Riccati equation
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1. Introduction.

1.1. Delayed optimal control problems. Let (2, F,F,P) be a complete fil-
tered probability space with filtration F = {F;};>0 generated by one-dimensional
standard Brownian motion W (-). Given 0 < ty < T, the constant delay time § > 0
and control u(-), let us consider an optimal control problem where the state equation
is described as:

dz(t) = [A1 (t)x(t) —|— AQ(t)y(t) + A3( )2(t) + Bi(t)u(t) + B (t)v(t)
. +Bs(t)p(t) + b(t)]dt + [Cr(t)x(t) + Ca(t)y(t) + C3(t)2(t)
(1) +Dy(tu(t) + o (D] dW (1), € (to, T),
z(t) =&t —to), wult) =c(t—to), tE€ [to— 3 tol,
and the cost functional is defined as:
J(to, £(),<();ul)) = E/t [2(t) T Q1(t)=(t) + y(t) T Q2(t)y(t) + 2(t) T Q3(t)z(t)
(1.2) * ()T Ry (t)ult) + v(t) T Ro(t)v(t)] dt.

Here y(-) and v(-) are the pointwise delays of the state and the control, respectively,
z(+) and () are the correspondmg (extended) distributed delays which are defined:

y(t) = x(t — / F(t,s)x(s)ds, te€ (to,T),
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2 WEIJUN MENG, TIANXIAO WANG AND JI-FENG ZHANG

(1.3) v(t) =u(t—9), pl) = / E(t,s)u(s)ds, t€ (to,T).

to
In addition, £(-) and ¢(-) are called the initial trajectories of the state and the control,
respectively. The conditions satisfied by coefficients F, F,A;, B;.C;,D1,Qi, R, Ro, b,
o above will be specified in Section 2, which ensure the well-posedness of the cost
functional (1.2), i = 1,2,3. The optimal control problem is stated as follows:

Problem (P). To find w*(-) such that (1.2) is minimized, i.e.,
J(to,€(),s(); () = inf J(t0,€(),s();u(-)) = V(to,€(), (),

u(-)€ LZ(to,T;R™)

where L2(to, T;R™) is the Hilbert space consisting of F-adapted processes ¢(-) such
that EfOT |p(t)|?dt < oo. Any u*(-) € Li(to, T; R™) and the corresponding z*(-) are
called an open-loop optimal pair. V(to,&(:),s(+)) is called the value function. In the
special case, when b(-) and o(-) vanish, we denote the corresponding delayed linear
quadratic (LQ) problem, the cost functional, and the value function by Problem (Pyg),
J0<t07 f()’ §(~); u()) and ‘/o(t(), f(), C(-)), respectively.

As to the above (1.1), it is an extension of the following stochastic differential
delay equation (SDDE):

dz(t) = [Al(t)l’(t) + Aa(t)y(t) + As(t ) Z(t) + By (t)u(t) + Ba(t)v(t)
+B3(0)]i(t) + b(t)]dt + [C1(t)x(t) + Ca(t)y(t) + Cs(t)Z(t)
(1.4) +Dy(t)u(t) + 5 (t)|dW (1), t€ (to,T),
P{t) =€~ to), u(t) =<(t— o), 1€ [0~ to],
zZ(t) = G1(t, s)x(s)ds, pn(t) E/ Ga(t, s)u(s)ds, te (to,T),
t—6 t—6
where y(-) and v(-) are defined in (1.3), and G, G2 are bounded. In fact, we have

/Glts /GztS

G (t)= Gl(ts)i(s t0)dsL iy 4o (), Gl / Galt.5) (5—t0)dsL g 1o 51(1).

ai(tv 5)*[ [to,to+9) (t)+1[t0+5,T] (t)l[t—5,t)( )] Gl(ta 5)3 1= 17 2.
Therefore, (1.4) can be seen as a special case of (1.1) with b = b+ A3Gy + B3Goa,
0 =0+ C3G1, F = Gy, F = G3. Based on this fact, we name (1.1) the (extended)
controlled SDDE. More details about SDDE (1.4) can be referred to [29]. Notice that
here we allow tg +06 < T.

1.2. Motivations. In the real world, many challenges across disciplines like
economics, finance, aerospace, and network communication can be framed as opti-
mal control problems [8,9]. Moreover, the evolution of certain phenomena hinges
not only on present conditions but also on their historical trajectories. Consequently,
the optimal control problem of stochastic control systems containing state delays and
control delays, like the above (1.4), is an important issue in control theory. The rele-
vant optimal control problems have attracted enormous attention of the optimization
and engineering communities in the last decades. We refer to the monographes by
Bensoussan—Da Prato-Delfour-Mitter [5], Meng—Shi-Yong [26].

To motivate the current study, let us make some careful discussions about the
existing papers from the viewpoints of frameworks, methodologies, and conclusions.
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CLOSED-LOOP SOLVABILITY OF DELAYED CONTROL PROBLEMS 3

I. The existing frameworks on stochastic delayed systems seem scattered and

decentralized, many of which do not fully cover each other.
e Time-invariant versus time-varying coefficients: Such a difference happens even

for deterministic controlled systems. For example, [20,22,23,27,37] and the relevant
papers therein are devoted to the time-invariant case, while [3,4,10,12,24,38] and the
relevant papers therein are concerned with the time-varying one. The appearance of
both cases in the literature is attributed to the complexity of delayed problems and
the methodology limitation developed accordingly.

e State delay versus control delay: When only state variables contain the delayed
terms, we refer to [12,14] for the deterministic case and [15,23,24] for the stochastic
case. When delayed terms are only added to control variables, we refer to [19,35] for
the deterministic case and [22,23,33,37] for the stochastic case. Since the methods for
handling state delay or control delay are fundamentally different, the corresponding
models are discussed separately in the literature.

e Pointwise delay versus distributed delay: We found that delay types also affect
the analogue study. For example, [10,22,23,37] are concerned with the pointwise delay
in state or control, while [9, 15] are devoted to the case with distributed delay. The
poinwise delay is usually more challenging since the distributed delay can be dealt
with using the derivative formula or the Ito formula, but the pointwise delay cannot.

e State (or control) dependence versus constants in diffusion terms: In the liter-
ature, we found that whether diffusion terms depend on the state/control variables,
or even their delayed terms, brings essential differences. We refer to [15,22,37] for
the former case while [8,9] for the simple constant case. In our opinion, the related
reason is that this dependence occurs within the stochastic integral terms, rendering
the previously used methods for handling the Lebesgue integral terms ineffective.

e Delayed terms in cost functionals or not: Eventually, let us point out the dif-
ferent frameworks caused by the dependence of delayed terms in cost functionals.
Even for deterministic controlled systems, pointwise delay in cost functionals makes
weight operators unbounded, while distributed delay makes their processing highly
dependent on the given weight coefficients (see the Introduction part of [20] for de-
tailed explanations). When cost functionals contain state/control delay terms, we
refer to [20, 25,26, 37], while most other existing studies do not touch this topic.

Based on the above classifications of the models, we pose the first question:

(Q1): Is it possible to provide a general framework to cover the above models?

II. After careful observations of the existing papers, we found that there are
several approaches treating L(Q) problems for stochastic delay systems. We list them
out and make some analyses as follows.

e Maximum principle: It is a very natural method [11,34,37]. To obtain the
explicit forms of optimal controls, the challenging part is to decouple the forward-
backward stochastic systems. One successful example is [37], where a class of Riccati
equations is established when the system only contains pointwise control delay. The
difficulties in general case may lie in that the delay effect disrupts the classical decou-
pling relation and makes the It6 formula fail to work [4].

e Dynamic programming: This method is very effective in obtaining feedback
forms of optimal controls, see [3,5,22,23] for more details. However, the main difficulty
for delayed problems is the lack of Markovianity, which obviously forces us to deal
with infinite-dimensional HJB equations at the cost of increased complexity.

e State space method: This method is to lift state equations to Banach/Hilbert
spaces (depending on the regularity of the data). It is developed in the deterministic
case by [12,19] and then extended in the stochastic case by [15,27]. This method
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4 WEIJUN MENG, TIANXIAO WANG AND JI-FENG ZHANG

always comes at a cost of moving problems to infinite dimension. Another limitation in
the stochastic case lies in the presence of unbounded operators in state equations [27].

e Variation of constants formula method: By using this method, one can transform
the original delayed system into another integral system of Volterra type without delay
which is solved by fundamental solution. We refer to [18,20,21,25] for more details.
This works well in deterministic controlled systems. However, when diffusion terms
contain state delay terms, it becomes unclear to go through the whole procedure since
anticipated stochastic integrals may be involved.

Based on the above analysis, different methods are used to handle different mod-
els, but each has its own drawbacks. Therefore, we raise the second question:

(Q2): Is it possible to come up with a new approach to bypass the disadvantages
in the existing papers?

ITI. Last but not the least, let us make some discussions about the obtained
conclusions in terms of feedback controls and Riccati systems in the literature. We
separate them into the following cases.

e Riccati systems versus Fredholm systems: To obtain feedback controls, Riccati
systems are one of the most popular and important tools. We refer to [3,8,11-13,
22,26,27,37] and the related papers therein. On the other hand, according to the
works [20,21], Fredholm systems also play important roles. In other words, the helpful
systems for establishing the feedbacks are by no means unique.

e The challenges of Riccati systems: This point can be explained in the following
manners. Firstly, the successful introduction of Riccati systems only hold in specific
settings, e.g., the time-invariant case [19,22,27,37], the only state delay case [11,23],
the only control delay case [8,23,37]. Secondly, even for the papers containing Riccati
systems, verifying the coincidences among them seems quite involved and technical,
such as [11] and [27], or [22] and [37]. Thirdly, even though Riccati systems are
derived, they are quite challenging to further discuss their solvability. Along this
line we mention the works of [11,27] for some progress in the stochastic setting.
Fourthly, as to the papers obtaining the solvability, different works require different
assumptions [3,12]. Hence, it seems difficult to give a unified precondition.

e The challenges of feedback controls: In the literature, open-loop optimal controls
and closed-loop optimal controls are two main notions for representing the explicit
forms. For the former one, there are some relevant papers [27,34,36,38]. Since it is not
easy to decouple forward-backward adjoint systems, the closed-loop representations of
open-loop optimal controls are not successfully given until some recent works of [11,
27,37]. As to the later one, there are some works treating the closed-loop solvability.
We refer to [26,27]. However, their closed-loop solvability depends on the transformed
problems, thus lacks generality, and their methods are not applicable to time-varying
coefficients.

To sum up the above, different models have different versions of Riccati systems,
among which the difference analysis is lacking and the relevant solvability is not
obtained. Therefore, we come up with the third question:

(Q3): Is it possible to derive a unified Riccati system and feedback control for the
general model (1.1) and (1.2), and verify the consistency with the existing papers?

Now let us return back to Problem (P) and discuss another special case where
Ay, By, C5,Q2, Ro = 0. Here we then arrive at the LQ optimal control problem for
(a class of) stochastic integro-differential systems (or stochastic differential systems
with memory). This type of optimal control problems naturally emerges in many dif-
ferent application scenarios, and is particularly common when studying the optimal
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CLOSED-LOOP SOLVABILITY OF DELAYED CONTROL PROBLEMS 5

performances of systems in response to specific inputs. In such cases, the systems’
responses do not occur immediately but rather appear after a certain period of time.
However, in contrast to the previous discussion on SDDEs, for optimal control prob-
lems involving systems with memory, just a few isolated results are available at the
moment. We refer to [7] for the finite dimensional case and [6] for the infinite dimen-
sional study. In the LQ framework, [30] studied a simple integro-differential model
in the finite-dimensional space and obtained the optimal synthesis via Riccati-type
equations for the first time (commented by [2]). Other enhanced results appeared
recently in [16,31]. For the extension to the infinite dimension, we refer to [1,2].
These results hold in the deterministic controlled system framework. Due to the lack
of relevant study on stochastic systems, we raise the fourth question:

(Q4): It is possible to provide some systematic study in stochastic integro-differen
-tial systems to fill the gaps left by the existing literature?

1.3. Contributions and novelties. In this paper, our goal is to treat the gen-
eral framework with the state equation (1.1) and the cost functional (1.2) by employing
new methodologies, and give positive answers to the aforementioned four questions.
To begin with, we propose a general definition of the closed-loop solvability for Prob-
lem (P). To show its sufficiency, we separate the procedures into four parts. We
firstly adapt the transformation procedures, introduced in [25], into our framework
and end up with an LQ problem for a stochastic Volterra integral system without
delay. Secondly, by borrowing the ideas developed in [17] and [16], we introduce and
discuss a class of Riccati systems and backward stochastic adjoint systems. Then, by
the previous Riccati systems, we explicitly construct the desired closed-loop strategy,
the resulting closed-loop outcome control, and prove its optimality. Finally, we make
detailed comparisons/coincidences with the existing study. The contributions and
innovations of this paper are summarized as follows.

e A general yet new stochastic LQ optimal control problem is studied. On the
one hand, it covers stochastic differential delay systems where the coefficients
are time-varying, both state delay and control delay can appear in the drift
terms, the diffusion terms, and the cost functionals. On the other hand, it
covers a class of stochastic integro-differential systems where memory terms
enter into the drift, diffusion terms, and the cost functionals. This gives a
nice response to (Q1), (Q4).

e A new transformation method is employed for the above general framework,
and the advantages are shown in three aspects. Firstly, it avoids the compli-
cated decoupling procedures for forward-backward systems. Secondly, it can
handle time-varying coeflicients case where traditional infinite dimensional
lifting methods fail. Thirdly, in our approach there are no unbounded control
operators, and there is no need to use infinite-dimensional analysis theories
such as operator semigroups. This gives a nice response to (Q2).

e By our main conclusions, we find the following four advantages and new
facts. Firstly, we give the solvability of the Riccati system corresponding to
Problem (P) and their coincidences with the existing literature in particu-
lar cases. Secondly, we explicitly construct the unique closed-loop outcome
control, which does not rely on the future state and avoids complex tools of
conditional expectations. Then, we only impose integrability conditions on
the coefficients of Problem (P), and do not require continuity or even dif-
ferentiability assumptions. Finally, even for the deterministic control system
(1.1), we present, for the first time, results regarding the integro-differential
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6 WEIJUN MENG, TIANXIAO WANG AND JI-FENG ZHANG

part and the cost functional (1.2) with pointwise/distributed delays. This
gives a nice response to (Q3), (Q4).

The rest part is organized as follows. In Section 2, we formulate the control
problem studied in the paper. In Section 3, we transform the original delayed control
system into a Volterra integral control system without delay, and then, study the
closed-loop solvability of the original delayed optimal control problem. In Section 4,
we discuss several important cases to compare our results with the previous ones. In
Section 5, we give some concluding remarks. Finally, we provide the proofs of the
main results in Appendix.

2. Preliminary. Let 7' > 0 be a given finite time duration, define As (0,7)
{9 €T | T>1>5>0}, 050,7) = {(s1,52,1) € (0.7)° | £ < (s1 As2) }.
is the identity matrix with appropriate dimension. S™ is the set of all n x n sym-
metric matrices. Next we define the following spaces which will be used in this pa-

per. Denote by L>°(0,7;R™) the Banach space consisting of R"-valued variables
¢(+) such that sup |¢(t)] < oo, by LP(0,T;R™) the Banach space consisting of R™-
0<t<T

~ |l

valued variables ¢(-) such that fOT |o(t)|Pdt < oo, where p is an integer. Denote by

L%, (9 R™) the Hilbert space consisting of R”-valued F;-measurable random vari-

ables ¢ such that E|¢|> < oo, by L2(€2;C(]0,T); R™)) the Banach space consisting of

R"-valued F-adapted continuous processes ¢(-) such that E[ sup |¢(t)*] < oo, by
<T

LIQF”’ (A2 (0,T);R™) the Banach space of R™-valued and measurable processes ¢ on
Ao (0,T) such that ¢(t, ) is F-progressively measurable on (0,t) for each t € (0,T),

and E[fOT(fot |b(t, 5)|Pds) 7 dt]? < oo. For p = 2, we simply denote L2(A (0,T); R™)
= L3*(£2(0,T);R™). Denote by £2 (A3 (0,T);R™) the set of ¢ € L? (A2 (0,T) ;R™)
1

satisfying ess Sup (ff |o(s, t)|2ds> 5<o<>7 and for any € > 0, there exists a finite parti-
te(0,

tion {a;}.~, of (O T) with 0 = ag < a1 < -+ < @y, = T such that

aiq1 %
ess sup (/ |¢(s,t)|2ds> <e,
te(ai,ai+1) t

for each i € {0,1,...,m—1}. Denote by L?21!(03(0,7);R™) the Banach space of
R™-valued deterministic functions ¢ on O3(0,7") such that

T pT 51/\s2
(/ / (/ |6(s1,8,0)|dt)ds1dso)"/*<oo.
0Jo Jo

For any 0 <ty < T, consider the following SDDE:

dz(t) = [As(t)x(t) + Az (t)y(t) + As(t)z(t) + b(t)]dt

+[Cr(0)Z(t) + Co(t)g(t) + Cs(t)2(t) + o ()] dW (t), t € (to,T),
z(t) f(t—to), t 6 [to -9, to]
g(t) = j(t - ft dS te (t07T)7
where £(-) € C([—4, O],R”) is the initial trajectory, d > 0 is constant delay time. As
to the coefficients of (2.1), we impose the following conditions:

(H1) A1(-), A2(-), A3() € L2(0, T;R™™), C1(+), Ca(), Cs(-) € L=(0, T;R™™™),

(2.1)
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CLOSED-LOOP SOLVABILITY OF DELAYED CONTROL PROBLEMS 7

F(0) € L2 (D2(0,T); R™™), b(-) € LE(Q L'(0, T5R™)), &(-) € Lg(0,T;R™).
The following proposition, with proof in [28], guarantees its solvability. In contrast
with e.g. [10,11,38] where A;(-) is assumed to be bounded, i = 1,2, 3, we slightly relax
them into proper integrable conditions.

PROPOSITION 2.1. Let (H1) hold. Then, SDDE (2.1) admits a unique solution
z(-) € Lg( C([to, TI;R™)).

Based on the above preparations, let us return back to the state equation (1.1),
the coefficients of which satisfy the following assumptions.

(Al) Al(')vAQ(')7A3(') € L2(07T;Rnxn)7 Bl(')=BQ(')7B3(') € LOO(O7T;Rn><m)7
Ci(+),Ca(+),Cs() € LOO(O,T;R"X"), Dq(-) € L*>(0,T;R™ ™),
() €L®(A2(0,T);R™ ™), F(-,-) € L™ (A2(0,T);R™™™), £(-) € C ([0, 0R™),
s(-) € L*(=6,0;R™), b(-) € L&(Q; L' (0, T;R™),  o(-) € L§(0, T;R™),
Q1<'), Qz('), Q3() € LOO(O, T; Sn), R1(~)7 RQ() e L>=(0,T; Sm>.

By Proposition 2.1, SDDE (1.1) admits a unique solution, the cost functional (1.2) is
well-defined, and hence, it becomes natural to pose Problem (P) in the Introduction.

We are interested in the closed-loop optimal control. To this end, we first look
at the closed-loop strategy. For any given to € [0,T), define L = L2(to, T; R™*") x
L2(A2(t0, T), Ran) x L (lf()7 T; Ran) X L2(A2(t0, T), Rmxm) X L%(to, T; Rm) In
the following, for any (Ki(-), Ka(-,-), K5(-), Ka(-,-),v(-)) € L, we call it a closed-loop
strategy on [tg, T]. Later we will use this closed-loop strategy, which does not depend
on the initial data but only the given coefficients, to construct a closed-loop control
on [tg,T]. To introduce the closed-loop state, let us consider the SDDE:

da(t) = [Ai(t )x(t) +A2( Yy(t) +A3( ) (t) + By(t)u(t) + Ba(t)v(t)
+B3(t)u(t) + b(t)]dt + [C1(t)z(t) + Ca(t)y(t) + C3(t)2(t)
+Dy (t)u(t ) a(t)]dW (1), te (to, T),
(2.2) x(t) = f(t—to), u(t) = c(t—to) t € [to — 6, o),
u(t) = /K2 (t, ) (s)ds+ K5 (D)z(t — 0)
K4(t7s) (s)ds+uv(t), t€ (to,T).

to

We call (2.2) a closed-loop system under (K1, Ks, K3, K4, v) corresponding to (to, &, <),
and call z(+), u(-) the corresponding closed-loop state and closed-loop outcome control,
respectively. The proof of the following result is given in the Appendix.

PROPOSITION 2.2. Let (A1) hold. Then, for any given to € [0,T) and (K1(-),
Ks(-, ), K3(-), K4(+, ), v(:)) € L, the closed-loop system (2.2) admits a unique solution
z(-) € L2( C([to, T);R™)) on [to, T), and there exists a constant L > 0 such that

T
E sup |a(t)? +E / |u<t>|2dt<L{ sup JE(t — to) 2

to<t<T to to—<t<to
to T
(2.3) +/ |<(t—t0)\2dt+1E/ (b(t)|2—|-|a(t)|2+|v(t)|2)dt}.
to—9 to

At last, let us introduce the following notions.

DEFINITION 2.3. For any giventg € [0,T), the closed-loop strategy (K3 (), K3 (-,),
K3(),K;(-,-),v*(-)) € L is called an optimal closed-loop strategy of Problem (P) if
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J(to. & 5; (KT, K3, K3, K, v")) < J (to, &, 3u),

for any (£,5) € C([—4,0];R™) x L*(—6,0; R™) and any control u(-) € Li(to, T; R™).
If there (uniquely) exists an optimal closed-loop strategy on [to,T], Problem (P) is
said to be (uniquely) closed-loop solvable on [tg, T

Remark 2.4. Inspired by [3,12,19,37], the closed-loop strategy for deterministic
Problem (P) was introduced in [26], and then extended to the stochastic setting in [27].
Here our version is more general due to the appearance of K3(-). Furthermore, the
definitions of the closed-loop strategies in [26,27] rely on the transformed equivalent
problems, which are not required for Definition 2.3 in this paper. In (2.2), K1, Ko,
K3, K, represent respectively the gain coefficients of the current state, the distributed
state delay, the pointwise state delay and the distributed control delay.

3. The closed-loop solvability of Problem (P). In this section, we firstly
transform the delayed Problem (P) into another optimal control problem driven by a
(finite dimensional) stochastic Volterra integral equation (SVIE) without delay. Based
on such a transformation, we then introduce and discuss the desired Riccati system
for Problem (P). Eventually, we construct an explicit closed-loop strategy and prove
its optimality in the sense of Definition 2.3.

3.1. Problem transformation. To begin with, let us take a closer look at the
state z(-). Since (-) is the initial trajectory of the control, for either ¢ € [to, (to+8)AT]
orte ((to+08) AT, to + 6] we get

¢ ¢ to+5
/ Bs(s)u(s—9)ds :/ Ba(s)s(s—0—tp)ds :/ 10,0 (8)Ba(s)s(s—d—to)ds

to to to
For t € (to +0,(to+9)V T], we have

/t By (s)u(s — d)ds = /t0+6 By (s)u(s — d)ds + /t By(s)u(s — d)ds

to to+9

to+6 t
= / 1p,0)(8)B2(s)s(s — 0 — to)ds + / 11,t—5)(8) Ba(s + d)u(s)ds
to

to
To sum up, for ¢ € [ty, T], we have

¢ to+9 ¢
By (s)u(s—6)ds :/ 1p.0) (s)B2(s)g(s—6—t0)ds—|—/1[to_’t_5) (s)Ba(s+d)u(s)ds.
to to to

As to the u() term in z(+), by the Fubini theorem, for ¢ € [to, T], we obtain

Bs(s)u(s )ds-/t Bs(s) F(s r)u(r)drds = / Bs(s)F (s, r)dsu(r)dr.

to to t
Thus we deduce
t

to+4d
o) =60+ [ Bale)sls 0~ )l + [ [A1<> (5) + Aa(s)y(s)

to

$45(3)2(8) + (Ba(3) + Bals + 8)1p - (s / By(r)F(r, s)dr Ju(s) + b(s) | ds
(3.1) +/ [C1(s)x(s)+Ca(s)y(s)+Cs(s)z(s)+Dr(s)u(s)+o(s )]dW( ), t € [to, T7.

to
Next let us turn to the term of y(-). For t € [ty + J,T],
t—8 to+6
/ BQ(S)U(S - 5)d31(t0+6,oo)(t) = [/ l[to,t—é) (S)BQ(S)C(S -6 — to)ds
to t tO
+/ l[to,t—26) (S)BQ (5 + 5)U(S)d$} 1(t0+6,oo) (t)
to

As to the p(-) term in y(-), for t € [to + d, T, it follows from the Fubini theorem that
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/ttéB?,(s)u(s)ds /t:533<> / Flovryulr)drds

0 rt—4 T t—¢ -0
= Bs(r) | F(r,s)u(s)dsdr = / Bs(r)F(r, s)dru(s)ds.
0 . .Jto to s
Hence for thie pointwise state delay, we have (to+0)A(t—5)
y<t) = §(t -0 - to)l[toyto+5] (t) + 1(t0+5,00) (t){f(O) + / B2(S)<(S —to— 6)d8}
to
t
/1[t0t 5 (5) (A1 (3)2(s) + Aa(5)y(5) + As(s)2(s) + [Ba(s) + Bals +0)
to

i@+ [ BORCuts) + 06 )+ [ 1006

(3.2) LCl( s)a(s) + Ca(s)y(s) + Cs(s)2(s) + Di(s)u(s) + o(s)|dW (s), ¢ € [to, T].
Eventually, let us treat the term of z(-). For ¢ ¢ [to, T,

/ F(t, 8)x(s)ds —/ F(t,s) [5(0) —|—/t (A1(r)z(r) + Ax(r)y(r) + As(r)z(r)

+B1£ r)u(r) + Ba(r)v(r) + Bs(r)u(r) +b(r))dr

7 (3.3) + (C’1 (r)x(r) + Co(r)y(r) + Cs(r)z(r) + Dy (r)u(r) + O'(’I"))dW(’I“)i| ds.

By Fubini theorem

/to . F(t,s)Ba(r)v(r)drds —/ [/:F(t,s)ds} Bo(r)u(r — 8)dr.

Therefore, for t € [to, T] we obtain that

(to+O)AL  pt
/ / (t,8)Ba(r)v(r)drds = / / F(t, s)ds} Bo(r)s(r —d — to)dr
to Jto r
1)

t— t

+/ [ Flt, S)dS}Bz(T-{-é) (r)dr.
toN —5) r+6

As to the u ) term in z( ), by the Fubini t eorem again, for ¢ € [to, T,

/ F(t,s)Bs(r drds-/ F(t,s)Bs(r /Fra dadrds
to Jto to Jto

t pt ps
(3.5) /// (t,8)Bs(r)F(r,a)u deadS—/ // (t,5)Bs(r)F(r,a)drdsu(e)da.
tod to Dt toJaJ

Hence, from (3.3)—(3 5) and by adding some indicative functlons we derive

to+9
2 (t) / F(t, s>(5<o>+/ Ba(r)s(r—0—to)1ig.0)(r)dr) s+ e(t $)[Ar(s)z(s)+As()y(s)

to
t

+A3(s)z(s)) ds—i:/t[/F(t,r) (B1(sHBa(s+6) 1, r—s\s /Bg (0)F( (0,5)d0) dru(s)s

(3.6) +/t€(t7s)b(s)ds+t5(t,s) [C1(s)z(s)HCa(8)y(s)+C3(s)z(s)HD1 (s)u(s)Ho(s) [dW (s).
Here and(J next, for T 2075 > s > to, we define £(-, ) and

.’E(t) t

3.7 X)) =1 y@ |, E(t,s) E/ F(t,r)drlg4(s),
2(1) tot5 ’

£(0) + ftoo Bs(s)s(s —to — 0) 1y, ) (s)ds

(0= [E(t—to—0)1p,, M <t>+[5 0)+ [N By(s)(5—to—0)ds |11y 5,000 (1) |

S F(t$)EO) + [ Ba(r)s(r — to — 0) 114y ) (r)dr]ds
Al( ) Asz(s) As(s)
Aty 8) = | L(s00)(t = 5)A1(8)  L(s500)(t = 8)Aa(s) 1(s500)(t — 5)A3(s) |,

E(t,s)A1(s) E(t,s)Az2(s) E(t,s)As(s)
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Bi(s) 4+ Ba(s 4 6)1(s,00)(t — 5) —|—f Bs(r F(r s)dr
B(t,) = | 1(5.00)(t — 5)[Ba(s) + Ba(s + 8)Lias.o0) (t — 8) + [1° B3(r) F(r,s)dr] | .
E(t, )Bl(S) +E(t,s+0)Ba(s +06) + [! 8 (t,0)B3(0)F(6,s)do

Cy(s Ca(s) Cs(s)
Ct,s) = | 15,00)(t = 5)C1(8)  1500)(t —5)C2(s) L(500)(t —8)C3(s) |,
E(t,s)C1(s) E(t,s)Ca(s) E(t,s)C5(s)
D (s) N b(s) a(s)
D(t,5) =|1(5,00)(t—=5)D1(5)|, b(t, 5)= |1(5,00)(t=5)b(5)|, 7 (t, 8)= |1 (5,00) (t—5)T(5)] .
E(t,s)D1(s) E(t, s)b(s) E(t,s)o(s)

Based on (3.1), (3.2) andt(B.G)7 X (-) satisfies the following SVIE:
X(t)=o(t)+ | [A(t,5)X(s) + B(t,s)u(s) + b(t, s)|ds

(3.8) +/t [C(t,$)X (s) + D(t, s)u(s) + G (t, s)|dW (s), t€ (to,T).
Denote 01 0 0
Q(t) = 0 Qg(t) 0 , R(t) = Rl(t) + RQ(t + 5)1[0,71_5)(75).
0 0 Qs(t)

Then, the cost functional (1.2) beTcomes

J(t0,€(),s()ru() = E / [X(0TQWX (L) +u(t) R(tyu(t)] dt
(3.9) e [ e 8T Ra(t)e(t — to — St

t
To sum up, we have theofollowing result with proof in the Appendix.

PROPOSITION 3.1. Let Assumption (A1) hold. Then u*(-) is an optimal control
of Problem (P) if and only if u*(-) minimizes (3.9) subject to SVIE (3.8).

Remark 3.2. The idea of transforming the delayed system into another one with-
out delay is popular in the existing literature.

For example, in [12, 13,26, 27], they transformed the original delayed systems
into infinite-dimensional evolution control systems without delay. However, in some
cases they had to treat the unbounded control operator which would bring essential
difficulties. More importantly, it seems quite complex to transform the obtained
operator-valued Riccati equation into the (finite dimensional) matrix-valued case.

In contrast, in the current paper we put (z(-),y(-), 2(-)) together to construct a
new state X(-) and then transform the original system equivalently to a controlled
SVIE. Similar procedure also appeared in [25]. On the one hand, this helps us to
utilize the developed LQ theory for SVIEs in [17]. On the other hand, the advantage
lies in that X (-) is still finite dimensional which helps us to bypass the complicated
operator language.

Another approach to addressing delayed problems is direct decoupling the for-
ward delayed systems and the backward anticipated systems. However, this method
requires the application of It6 formula for delayed processes, which constitutes the es-
sential difficulty of delayed problems. In contrast, the method proposed in this paper
does not need to tackle such a challenge.

We point out that the transformation to Volterra systems also appeared in e.g.
[18,21] via the constant variation formula. Nevertheless, it is not clear whether such
an approach still works when the diffusion term in (1.1) contains the pointwise state
delay and distributed state delay.
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CLOSED-LOOP SOLVABILITY OF DELAYED CONTROL PROBLEMS 11

3.2. The solvability of the new Riccati system. To study the closed-loop
solvability of Problem (P), we introduce a new Riccati system based on the above
transformation and the existing study in [17]. To this end, we need some preparations.

Firstly, we denote by II(0, T') the set of pairs P = (P, P?)) with PM : (0,T) —
RGM*XGn) and PR) : O3 (tg, T) — REMXGn) guch that
) P e L> (0,T;S%");

i) for a.e. (s1,52)€(0,T)2,t — P35y, s9,t) is absolutely continuous on (0, 51 Ass);
iii) (51,52)r—>P( )(51,52,51 /\52)— lim P )(51,52,15) belongs to LQ((O,T)Q;R(S”)X(S”));

t1(s1As2)
iv) (s1,82,t) ~P® (51,32,t)_88t )(51,32, t) belongs to L*%! (Dg(O,T);R(3”)X(3”));
v) for a.e. (s1,52,t) € O3(0,7), it holds that P (s, s5,t) = P (sz,sl,t)T.
Secondly, for later notational usefulness, we define several coeflicients as follows:
L1 L1500 (s — ) I

I(s,t,0) = (5’ V(s =8I 1lose0)(s =) Lo (s—OI],
—E(s,1) $5(57t+5) 8(5 0)

Y(s,t) = (I, 1500 (s — )L, E(s, ) 1) T, A)=(A1(t), Aa(t), A3(1)),
(3.10) B(0,t)=(By(t)", Ba(t+4) ", (Bs(0)F(0,£)) )T,  C(H)=(Ca(1), Cz( ), C3(t)).

Given these coeflicients, we introduce the following system:

(i
(i
(
(
(

POB=Q(t)HC(t) "G1()C(t)—C () "Gy () Dy(t)R(¢) ~ Dy(t) TGy (£)C(t),0<t<T,

P (s,t,r)=P®s,t,t A s)— / Gs(s,7,601)B(61, T)R(T) " 'B(Ha,7) T
(3.11) %Gy (t,7,02) T dBydfadr, 0 <1 < (sAt) <T,
PP (5,t,t) = P<2)(t 5,t)'=Ga(5,1)A(t)

—/ G3(5,t,0)B(O,)R(t) "Dy (t) 'G1(t)C(t)dh,0<t <5<T,

where for 0 <t < (s A5A0) <
R(t) = Ri(t) + Ra(t +0)1p0, 17— 5)()+D1()gl() 1(t),

Gi(t)= g1 t: Pt (2) /T s1, t (sl)’f s1,t) /P( )81,827t)T(82, t)dsq|dsy,
T

Ga(5,t) = Go(5,1; PV, PP) = PU(5)Y(5,1) + / PO (5,r, )Y (r, t)dr,
t

T
3.12) Gs(s,t,0)=Gs(s,t.0; ; = $)1; o (0)II(s,t,0)+ s,r,t)II(r, t,0)dr.
Gs(5,6,0)=Gs (5,t,0; P, PA)=PW(s)1(, ;) (0 0)+/ P> 0)d
0

In this paper, we name (3.11) the desired Riccati system, explicitly depending on A;,
B;, C;, D1, based on (at least) the following aspects. Firstly, it is consistent with
the Riccati system for the stochastic Volterra system in [17]. Secondly, in particular
cases we will show in Subsection 4.1, 4.2, 4.5 that it can reduce to the Riccati systems
in the existing literature. Thirdly, just like the existing Riccati systems, we will
use the above (3.11) to construct the closed-loop control as well. To guarantee its
well-posedness, we need the following standard assumption.

(A2) There exists a constant A > 0 such that for all ¢ € (0,7T"), R1(t) + Ra(t +
6)1[O,T75)(t) 2 AI7 Ql(t) 2 Oa 1= 172a3'

The following proposition gives its solvability.
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THEOREM 3.3. Let (A1)-(A2) hold. Then, the Riccati system (3.11) admits a
unique solution (P, P®)) € TI(0,T) such that R(-) = BI for some constant 3 > 0.

Next we introduce the following backward system:

T
dn(t,8)=—{ 2(t,8)b(sH T (ts) T [Dl(S)TQl(S)U(S)Jr/ [D1(s) " (r, 5) " ¢(r,5)

(3.13) +(/ B(0,5) TL(r,5,0) d0)n(rs)]dr] fdst-C(t,5)AW (5),0< s <t <T,

T

s T
n(t,t)= [C(t) T+E(t) "Dy (1) ]gl(t)a(t)+/ {[(/tﬂ(r,t,G)B(H,t)dG)

S EHY (r,t) A(E)] (rEH[C () +Da (82 (1)] TT(r,t)Tg(r,t)} dr, 0<t<T,
where Z*(-), I'*(+, -) are defined by
=()=R() D1 (1) G (HC(H), 0<t<T,

T
(3.14) I(s,t) :—R(t)’l/ B(6,t)" Gs(s,t,0)7d0,0<t<s<T,
t

and II(+, -, -), T(+,-), R(:), G1(-), G3(-, -, ) are defined as (3.10), (3.12). In terms of [17],

we name it the Type-II extended backward SVIE in our scenario. To study its well-

posedness, we introduce the following space. Denote by L%’C(AQ (0,T);R3") the set

of n € L (A2(0,T);R?) such that s — n(t,s) is uniformly continuous on (0,¢)

with the limits defined by n(t,t) = limsﬁ n(t,s) and n(¢,0) = limg o n(t,s) for a.e.
€ (0,7), a.s., and n(-, -) satisfies E( fo Sup In(t,s)|? dt)z < co.

THEOREM 3.4. Let (A1)—(A2) hold Then the Type-II extended backward SVIE
(3.13) admits a unique solution (n,() € L]F’C(AQ(O,T),RM) x LZ(Ao(0,T); R3™).

Remark 3.5. We discuss the solvability results of the above Riccati system.

We firstly make comparisons with that in [27]. In terms of their framework, both
the cost functional and the diffusion term can depend on the distributed control delay
which is out of our scope. However, to derive the Riccati system they have to assume
that Cy,b,0, Ry, @2 = 0. In addition, to obtain the solvability, they further require
that D; = 0 and all the coefficients are time-invariant or continuous. It is worth
mentioning that these assumptions are not needed here. Moreover, the methodologies
developed in both papers are essentially different.

Next we turn to a particular case of the state equation (1.1) with Ag, By, Cs,
@2, Ro = 0, and arrive at an LQ problem for a stochastic integro-differential system.
Even though there are some positive results of the Riccati system (see [30,31]) in
deterministic scenario, the extension to the stochastic setting is still open. Here we
fill this blank in a nice manner.

At last we point out two interesting facts even when (1.1) reduces to the deter-
ministic system. Firstly, in contrast with the relevant literature (e.g. [3,12,19,26]),
the corresponding Riccati systems and their solvability appear for the first time since
both the pointwise delays and the distributed delays are allowed to appear simul-
taneously in the cost functional. Secondly, when all the pointwise delayed terms
disappear, the corresponding integro-differential system and cost functional can cover
those in [30,31], and thus the corresponding result in the above Theorem 3.3 is also
new.

3.3. The closed-loop solvability of Problem (P). In this part we will give
an explicit form of the optimal closed-loop strategy and some sufficient conditions for
the closed-loop solvability of Problem (P).

This manuscript is for review purposes only.
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Given H('? ) ')7 T(? )’R()7g1()’ g3('7 K ) (% 1 ) and (3'12)7 P = (P(l)a P(2))
and (7, ¢) being the solutions to (3.11) and (3.13), respectively, we make the following
conventions. For i=1,3, tg <t <T, denote

T pT
(3.15) KX (¢) :fR(t)*l{Ki(l)(t) +/ / B(a,t)ng(a,t,e)TK§2>(a,t)dad0},
while for i = 2,4 and tg < s <t < T,

(3.16) K} (t, s ( {K“> (t, s) // B(0,1) G5(a, t,0) KD (1,0 s)dada}
In addition, for to <t < T, let
(3.17)  v*(t)= l{v Dt / /8(0,15 Gs(at,0) v (¢, a)dado}

In the above, each pair of (K(l) K(Q)) and (v(1) v(?)) have the following representations:

(
Pty =D1t) "G ()01 (t), K (at) = t) = ()Tgmt)cz(t),
K2> a,t)=0, K" (ts)=Di(t)7G

(o, > KDt
( HOCsOF(s) + (

x93(5+§,t,0)TdG)(OIO) s1—g(5), K(Z)(tozs)
4 (t

(1) ) Kf)(ma,s) = (1,1(54_25700)( )l(O,T—J)( )I,/ 5
s+

—~

H\

(o 0 I)TF(a s),
meﬂw)

[e3%

a—90
X1(s+57T)(a)B2(3+5)1[t—57T—6](5)+( / F(0',s)" Bs(0') " dt’, / F(0',s)" Bs(0') " db’,
t t
a pf T
3.18 F(0',s)"Bs(0)Tdo'F Tdp)
) [ [T B a0 P05 Ta9)

and

oM (=D (t) "Gy (t) /D1 ()™ (,t) ¢ (ast) da+//l3 (0,t) "TI(eu,t,0) 'n(a,t)dodb,
(1,00 =0, 10T €(0 0~ o) @) | 100 0) (12800 )

e
(3.19) Xl(O,T—&)(t)Iv/ F(%ﬁ)Tdﬁ) Ba(0' 4+ 6)<(0" — t0)db L, 4o15)(1)-
045

At this moment, we present the main result of the current section.

THEOREM 3.6. Let (A1)—(A2) hold and ty € [0,T) be given. Then, the five-tuple
(K¥ (), K5 ), K3(), Kf(-,+),v*(")) given by (3.15)—(3.19) is an optimal closed-loop
strategy, and the following u*(-) is the unique optimal closed-loop outcome control of
Problem (P) on [to, T):

[e%

(3.20) u*(t)= /K2 (t,8)x*(s)ds+ K3(t)x"(t—0)+ /K4 (t,8)u*(s)ds+v*(t).

By the above theorem and Theorem 5.4 in [17], we deduce the following result.

COROLLARY 3.7. Let (A1)—-(A2) hold and to € [0,T) be given. Then, the five-
tuple (K7 (-), K3(-,-), Ki(-), Ki(-,),v* (")) with v()(-) = 0 is an optimal closed-loop
strategy, and the above (3.20) is the unique optimal closed-loop outcome control of
Problem (Py). In addition, the value function is given by

T T T
Vlto,€.<) = / (PO (0)p (1), (1))t + / / (PO (11,5, to)plta), oltr) b1 dt,

to

fOT any (to,f,g) € [O’T) X C([*(Sa O],Rn) X L2(7570§Rm)'
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Remark 3.8. We see that Theorem 3.6 gives a sufficient condition of the closed-
loop solvability in terms of K} (i=1,2,3,4) which are explicitly and clearly constructed.
At this moment, we are not sure about its necessity. However, Lemma A.1l in the
Appendix actually gives a new necessary condition in terms of the so-called causal
feedback strategy developed in [17]. On the other hand, Theorem 3.6 is also true if
the standard assumption (A2) is relaxed properly (see [27]). For simplicity we prefer
not to pursue these generalities.

Remark 3.9. To prove Theorem 3.6, we use the equivalence between the original
problem (P) and the new control problem associated with the state equation (3.8)
and the cost functional (3.9). Even though the dimension of (3.8) and (3.9) is higher
than that of the original one, it is still finite dimensional and is essentially different
from infinite-dimensional evolution control system method. For this new problem,
we borrow some new matrix products notations exemplified by (A.4)—(A.6) from [17].
Then we introduce some computational techniques to convert them into the traditional
matrix products, and derive the optimal closed-loop strategy as in Theorem 3.6.

Remark 3.10. There have been lots of works on closed-loop outcome controls of
delayed control systems. However, they either contain only state delays [11,20,23,24],
or only control delays [19,23,33,37], or work in deterministic systems [19,21], or have
time-invariant coefficients [19,21,23,27,33,37], or have no delay in the cost functional
[3,12,13,19,34], or have no solvability of the associated Riccati systems [19, 21, 23,
24,33,37]. In this sense, Theorem 3.6 gives a unified treatment of the existing papers
with distinctive methods. Moreover, the closed-loop outcome control is explicitly
constructed without any continuity or even differentiability assumptions, and does not
rely on the future state and avoids complex tools of conditional expectations [34,37].

4. Important cases. In this section, we discuss five special yet important sto-
chastic control systems and make relevant comparisons with the existing literature.

4.1. Case I: Stochastic control systems with control delays only. Con-
sider the state equation

da(t) =[A1(t)z(t) + By (t)u(t) + B2(t)v(t) + Bs(t)u(t)]dt
(4.1) + [C1(t)z(t) + Dy (t)u(t)[dW (t), t € [to, T,
z(to) =o,u(t) =0, t € [to—0d,t0],
along with the cost functional
J(to,&o;u(-)) =E [ [2(t) T Qu(®)2(t) + u(t) " Ry(t)u(t)]dt.
Also for 0, € [—6,0] and ¢, 9’,rtoe [to, T] such that t < (6’ A1), we define
T T T
roN 1 2 T
Pit,0,1) = (1,0,0)(/6/W PW(s)ds +/T /9 P )(s,a,t)dads) (1,0,0)",
(42) S() (t) = ’Pl (t, t, t), .
(4.3) S1(t,0) = Ba(t+6+0) "Py(t,t,t+5+6) +/F(9’, t4+0) " B3(0) TPy (t,6',t) T do’,

t

T
Sg(t, 9, O[) = Bg(t—|—5—|—9)T{'Pl(t,t+5—|—9,t—|—5—|—o¢)TBg(t—|—5—|—oz)—|—/ Pl(tﬁ’,t+5+0)

t

T
xB3(o’)F(9',t+a)do’] +/ F(a',wo)TBg(o')T[Pl(t, 0/, t+0+a) By(t+6+a)
t

T
(4.4) +/ Pl(tﬁ’,b’)TBg(ﬁ)F(ﬁ,t—}—a)dﬁ}d9'.

t
In this part, we will show that for a.e. ¢t € [to,T],0 € [-9,0], So(-) and Si (-, -) satisfy
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%SO(t)+A1(t)TSO(t)+80(t)Al(t)+Q1(t)‘|‘Cl(t)TSO(t)Cl(t)_[Bl(t)TSO(t)
(4:5) 9 E81(1,0)+ Di(t) TS (8) Co(t) | TR(E) = [Balt) TSo (£)1+S1(t,0)+Dy(t) "Sa (1) Ca(t)] =0,
SO(T) = Oa
(%—%)Sl(tﬁ)—l—ﬁ(t,t—FH)TBg( ) "So(t)+Si(t, 9)A1(t)—[31(t,9)31(t)
(4.6) +85(1,0,0)[R(t)~[Ba(t) " So(tH+Su(t, 0)+D (t) 'So(t)C(t)] =

S1(T,0) =0, Si(t,—8)=Bs(t) "So(t) / FO',t—8)"Bs(¢ )T731(t 0’ t)"dy’.
Moreover, for a.e. t€[tg, T],0,a€[—6,0], Sa(:, -, -) satisfies

(9—3— ‘Z)SQ(t 0,0)+F(t,t+6) "Bs(t) "Su(t, a) T +81(t,0)Bs(t) "F(t,t+a)
—[81(t,0) Bi(t) +S2(t, 6, 0 R(t) [ B <)T81<t a) ' +85(t,0, ) =0,
(A7) 482(8.0,-8) = 5(t,0) B (t)+ Ba(t +5+0) /Pltat+6+9)Bg() (at—6)da

T T
+ / / Flat+6)T By() TPy (t, a, )T Ba(B)F (5.t — 6)dfda,

t Jt
So(t, —6,0) = Sa(t,0,-8) ", So(T,0,a) = 0.

In addition, the optimal closed-loop outcome control (3.20) is represented as follows:
(4.8)

w*(t) :—R(t)—1{[Bl(t)Tso(t)+D1(t)TSO(t)Cl(t)JrSl(t,o)] o)+ /

t\/(to +5

(t+8)AT

(t+6)AT
[Bi(t) "Si(t,r—06 —t) T+ 85 (t,0,r—0—t) | u*(r—8)d }+72(t /
tV(to+38) Jto+d
T

X / T{Bl(t)Tpl(t,t,H')Bz(t+6)T731(t,t+ 5,0") '+ / Fo.0)"

t

><Bg(Q)Tpl(t,G,G’)Tdﬂ}Bg(0’)13’(0',r—é)u*(r—d)dG/dr,
where R(t) = R1(t) + D1(t) " So(t) D1 (t).

We state the main result of this subsection as follows. For detailed information
of its proof, we refer to the Arxiv version of this paper [28].

COROLLARY 4.1. Let (Al)*(AQ) hold and AQ,A3,CQ,03,Q2,Q3,R2, b,O’ = 0.
Then, Sy, S1 and S, defined by (4.2)—(4.4), satisfy the coupled Riccati equations
(4.5)—(4.7), and the process in (4.8) is the optimal closed-loop outcome control.

Remark 4.2. When Problem (P) contains only control delays, we obtain the op-
timal closed-loop outcome control (4.8) by (4.5)—(4.7). If the diffusion term disap-
pears in (4.1), then (4.5)—(4.7) essentially reduce to (2.33)—(2.38) in [19]. Compared
with [19,23,33,37], we successfully obtain the solvability of the Riccati systems.

4.2. Case II: Stochastic control systems with state delays only. Consider
the state equation

dr(t) = [Arz(t)+ A2y (t)+ Bru(t) | dt+ [Cra(t) + Cay(t) + Diu(t) | dW (1), te[to, T],
z(t) = &(t —to), tE€ [to— 6, to],

along with the cost functional

This manuscript is for review purposes only.
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16 WEIJUN MENG, TIANXIAO WANG AND JI-FENG ZHANG

T
J(to, &(-);ul-)) ZE/ [2(t) T Qua(t) +ult) " Ryu(t)] dt
to
Here the coefﬁmenj‘gs are time-invariant. For to <t <0< T, we define
Pa(t) 7/ (1. 5.0y (5 — )1,0) PO () (I, Lis.oey (5 — )1,0) " dis

(4.9) // (I, 1(5,00) (51 = t)1,0) PP (51, 59, 8) (I, 1(5,00) (52— 1)1, 0)ds1ds2,

(4.10) Ps(t.0)= [(11 5.00)(0—1) 1,0)P(0) T+ / (1,15 00/(r— ) 1,0)P(0,r t)Tdr](o 10)7.

In this part, we will show that Ps(-) and 793(-, -) satisfy the following coupled Riccati
equations. More precisely, for t € (T — 4,T), 6 € (t,T], we have

—Py(t) = Pa(t) A1 + A] Pa(t) + CT P2 (t)C1 + Qs
—(BIPa(t+D] Po(t)C1) " (Ri+D] Pa(t)Dy) (Bl Po(t)+D]Ps(1)C1),

OPs(t, 0 _
(4.11) f%:Afpg(t,e)f(Bf PAtHDIPAt)C1) (Ri+D]Po(t) D1) B Py(1,6),
Ps (t,t) =P (t)AQ —I-CFPQ (t%CQ — (BIPQ (t)—i-DIPQ (t)C1) T
X (Rl —|—DIP2 (t)Dl)_ DIPQ (t)CQ,
Po(T) =0,
while for ¢t € [0,T — 4],6 € (¢,t + 4],

—Pa(t) =Pa(t)Ar+A] Pa(t )+C1TP2(t)C1-|-C2T772(t+5)C’2+Q1+733(t,t+5)
+7>3(tt+5) —(BI Pt )+DT7>2(t) ) (R1+DTP2(t)D1) Y(BPy(1)
DIPy(t)Cy)—(D{Pa(t+6)Cs) ' (Ri+D] Pa(t)D1) DI Py(t+6)Ch,

‘apga(: %) ATPy (2,0~ (BIPo(tHD TP (0)C1) (RitDIPa(D;)

x B Ps(t, O)+Ps(6,t+9) TAs—(BI Ps(6,1+6))  (Ri+D]Ps(t)Dy)
XDlPQ( )Cg /(BIP?,( ,t+(5)) (RH—DIPQ(t)Dl)_lBIPP,(S,e)dS,
t

Py(t,t) = Pa(t) A +CY Po(t)Co— (B] Pa(t) + DI Po(t)C1) |
x (Ri+D] Py(t)Dy) ' DI Py(t)Co.
We state the main result of this subsection as follows. For detailed information of its
proof, please refer to the Arxiv version of this paper [28].
COROLLARY 4.3. Let (Al)—(A2) hold with A3,B2,33,C3, Qg,Qg, Rz,b,O’ = 0.
Then, Pa(-) and Ps(-,-), defined by (4.9)—(4.10), satisfy the coupled Riccati equations
(4.11)=(4.12). In this case, the following process is optimal:

(4.12)

B (t+8)AT
w(t)=—(Ry+D{P(t)D1) 1{(31%(t)+D1T7>2(t)cl)x*(t)+/ B Ps(t,s)
TAGto+6) tV(to+5)
(4.13) X$*(S75)dS+D1I—,P2(t)CQSC*(t75)+/ BIPg(t,s)f(sftofé)ds}.

Remark 4.4. When Problem (P) contains onl; state delays, (4.11)—(4.12) are the
same as (3)—(12) in [23], the optimal closed-loop outcome control (4.13) coincides
with (13) in [23], and Corollary 4.3 is similar to Theorem 1 in [23]. Compared with
[21,23,24], we give the solvability of the Riccati system. References [12,13] focus on
deterministic systems involving both pointwise delay and distributed delay of state.
They not only derive the corresponding optimal control results but also establish the
solvability of the Riccati equations. In contrast, the solvability conclusion proposed
in this paper only requires the coefficients to be integrable, without the need for
differentiability, thus relaxing the constraints imposed by [12,13].
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4.3. Case III: Stochastic control systems with pointwise delays only.
Consider the state equation

da(t) = [A1()z(t) + A2(t)y(t) + Bi(t)u(t) + Ba(t)v(t)]dt
+[Cr(®)2(t) + Co(t)y(t) + Di(t)u(t)|dW (t), ¢ € (to, T),
a(t) = &(t —to), u(t) = c(t —to), t € [to — J, 0],

along with the cost functional
T
J(to.&c;u)=E / [2(8) Qu(t)z (£} +y(6) Qa2 (8)y(t)+u(t) Ra(tyu(t v (t) Re (t)v(t)] dt.
to
For 0 <t < (sA§) <T, we define Gi(+), Ga(+,-) as in (3.12), and

Q=40 ot co=(ci.caw). av=(a.am). s[5 |

T(S,t) = |:1(5’oo)é - t)]:| 5 R(t) = Rl(t) + Rz(t + 5)1[077*_5) (t) + Dl(t)Tgl(t)Dl(t),

Gs(s,t) = P(l;(s) (Y(s,), 1(5,00) (s — t) L (5, +0))
(4.14) + / PO (s, 1, 8) (T(r, 1), Ligiooy (r — O)T(r, ¢ + 8))dr.

We consider the Riccati system (3.11), where P(?)(-, -, ) satisfies
tAs

P®(s,t,7) = PO (s,1,1 A s) - / Gal(s,)B(r)
<R(r)”'B(r )TGa(t,7) Tdr, 0<r < (sAt) <T,
PO (s5,t,t) = P (t,51)"
=Gy (5,1)A(t)—Gs(5,t)B(t)R(t) "'Dy(t) 'Gi(t)C(t), 0<t<5<T.
With notations in (4.14), we consider the closed-loop strategy

K (1) =R KD(0) + Bt / Gaot) K (0,t)da }, i = 1.3,
K (t,s) =—R(t)™ { KM (t,5)+B(t / Gs(o, ) TKP (¢, s)da}, i=24,

(4.15) v*(t)z—R(t)*l{ )(t) + B(t / Ga(a, t) To P (¢, a)da}

where to<s<t<T, and Kil),KfQ),Kg(l),Kém,Kf) have the same forms as in (3.18), and
K30 (05) = B(t) Ga(s +0,0) (0.1) "1 ra1(s), Kt a.5) = 0,
KiZ)(t’ «, S) = (I, 1(s+257oo)(04)1(07T_5) (t)I) 1(s+6,T) (a)Bg (S +t5)1[t_6’T_5](S)’
0
’U(l)(t) = O7 U(Q) (t, CY) = (O7 I)Tﬁ(a — (5 — tO)l[to,t0+5] (Oé) + / 1(9/+6,oo) (Oé)
t—5
-
X (I, L9/ 425,00) (@) L (0,0-5) (1) T) * Bo(8' + 8)s(60" — t0)d 111, 1161 (1)-
As a result of Theorem 3.6, we derive the following result.

COROLLARY 4.5. Let (A1)—(A2) hold with As, B3, Cs,Qs,b,0 = 0. Then, all the
strategies in (4.15) and the process u*(-) in the same form of (3.20) are optimal.

Remark 4.6. We make some comparisons with the existing literature. Firstly,
in contrast to [23,27], our coefficients are allowed to be time-varying and the cost
functional depends on both the pointwise state delay and pointwise control delay.
Secondly, even when these features disappear, our framework is still general than that
n [23] (except the disappearance of pointwise control delay in the diffusion term),
and the solvability issue of the Riccati system is answered. In addition, [27] requires
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the diffusion term to be independent of the pointwise state delay and control delay,
while we drop this assumption here. Thirdly, even though the coefficients in [11] are
time-varying, both their state equations and cost functional are still particular cases
of ours. Eventually, even for deterministic systems, our coefficients are allowed to be
integrable, but not necessarily differentiable as in [12].

4.4. Case IV: Stochastic control systems with distributed delays only.
Consider the state equation

da(t) = [A1(t)z(t) + As(t)z(t) + Bi(t)u(t) + Bs(t)u(t)]dt
+[C1(t)z(t) + Cs(t)z(t) + D1 (t)u(t)]dW (t), te€ (to,T),

{L‘(t) = f(t — to), u(t) = C(t — to) t e [t() — (5 to],
along with the cost functional

J(t0,€(),5();ul-)) =E/t [2(t) T Q1) () +2() T Q3(t)2(t) + u(t) " Ru(t)u(t)] dt.

In this case, we consider the Riccati system (3.11), where for 0 <t < (sASA0) < T,
)

t 0

Qt)= [Q10< " ont )} €)= (C1(1.Co(1)). AD=(41(0).4:(1)). BO.O=| . 2y t)] ,
I . . I

(4.16) Y(s,t)= £(s.1)| s R(£)=R1(t)+D1(t) 'G1(£)D1(t), T(s,t,0)= 5( B £(s.0)]
and G1(-), Ga(+,-), Gs(+,+,+) are defined in (3.12). With the notatlons in (4.16), w
consider the closed-loop strategy (3.15)—(3.19), where K%l), KfQ), KP(’Q), Kil) have the
same forms as in (3.18), vV, v(2) =0, and
EP) =0, K (t,s) = Di(t) Gi(t)Cs(t) F(t,5), K (t,a,s) = (0,1) Fla,s),

o «@ 5~
417)  KP(ta,s)=( / F(0.5) Bs(0') a0, / / F(8',5)"Bs(8) T8 F(a,5) ) '
t tJt
Then, as a result of Theorem 3.6, we derive the following result.

COROLLARY 4.7. Let (A1)—(A2) hold and Az, Bs,Cs, @2, Ra,b,0 = 0. Then, the
closed-loop strategies (3.15)—(3.16) with (4.17) and the following process are optimal:

t t
(4.18) w*(t) = K;(t)z*(t) + | K3(t,s)z*(s)ds + [ Kj(t,s)u*(s)ds, t € [to,T].
to to
Remark 4.8. LQ problems for deterministic integro-differential equations were
treated in [30], see also [16, Subsection 5.5]. Both of them derived the Riccati systems
and the closed-loop optimal controls in the spirit of (4.18). However, they need
A1,B3 =0, A3 =1, F(-,-) is convolution form, Q3 =0, Q1, Ry are time-invariant.
As to the case of stochastic integro-differential equations, let us point out the
discussion in [16, Subsection 5.3] where the stochastic integro-differential equation is
directly regarded as a special SVIE. However, there are no closed-loop controls in the
spirit of (4.18) and the corresponding Riccati systems. To our best knowledge, the
above Corollary 4.7 appears for the first time.

4.5. Case V: Stochastic control systems without delay. In this subsection,
we look at the SDEs case. On the one hand, given P = (P(1), P(2)) (5, () satisfying
the Riccati system ('3 11) and the backward SVIE (3.13), respectively, we define

P(t) = (1,0,0)(/ PW(s ds+/ / (51, 89, )dsldSQ)(I,o,O)T, 0<t<T,
t

(4.19) i(t) :/t (1,0,0)n(s, t)ds, C(t) :/t (1,0,0)¢(s,t)ds, 0 <t <T.

This manuscript is for review purposes only.



615

616

818

619

620

621
622
623
624

t

[
NN
[N

627
628
629
630
631
632
633
634
635
636
637

638

639
640
641
642
643
644
645
646
647
648
649
650

CLOSED-LOOP SOLVABILITY OF DELAYED CONTROL PROBLEMS 19

On the other hand, we consider

P(t) + P(H)Ar(t) + Ar(t) T P(t) + Ci(t) P(t)C (1) + Qi(t) = (P()B (1)
(4200 { Syt P)DH)R() (1m P(£+D1(t) P()C1 (1) =0, 0<t<T,
P(T) =0,
where R(-) = R1(-) +D1(:) "P(-)D1(-). And consider the following backward stochas-
tic differential equation:

(4.21)

Then, we have the following result.

COROLLARY 4.9. Let (Al)—(A2) hold such that A27A3,BQ,B37027037 QQ,Q?,,
Ry = 0. Then, P(:) and (ij(-),((-)), defined by (1.19), are the unique solutions to
(4.20) and (4.21), respectively. In addition, the five-tuple (K3 (-),0,0,0,v*(-)) is the
optimal closed-loop strategqy of Problem (P), where

Ki () = =R (Bi() P(t) + Di(O) TPOIC1(1)) , ¢ € [t0, T],
v () = =R~ (BT i) + DI ()C(8) + DT (P (B)a (1)), ¢ € [to, )

Remark 4.10. When delays appear in Problem (P), the optimal closed-loop strat-
egy (K3 (-),v*(-)), the equation (4.20) and the equation (4.21) reduce to that in [32].

5. Concluding remarks. In this paper we study a general stochastic LQ op-
timal control problem, where the coefficients are time-varying, and both state delay
and control delay can appear in the state equation and the cost functional. We put
the original state process and its delay processes together for dimension expansion,
and use the Volterra integral system without delay to describe the new process, then
transform the original delayed problem into the control problem without delay. Based
on the equivalent problem, we propose the closed-loop solvability of the delayed prob-
lem, and assure it by the solvability of the Riccati system and the extended backward
SVIEs. Furthermore, we derive the optimal closed-loop outcome control and obtain
the solvability of the associated Riccati system. Finally, we study several stochastic
systems and find that our results are consistent with those in the existing literature.
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Appendix.

The proof of Proposition 2.2:

Proof. Without loss of generality, assume that T' = tg+nd with an integer n. Let
X()=(x(:)T,2(-)T,u(-)T)T. From the first equation in the closed-loop system (2.2),
we obtain the integral form for z(-). Similar to the processing of (3.6), we derive the
expression for z(-). Therefore,

(A1) X(t) = o(t) + tA(t,s)X(s)ds+/tC(t,s)X(s)dW(s), t € (to, to + 0),

where Ay (s) As(s)  Aus(t.s)
A(ta S)E g(tvs)Al(S) g(t75>A3(8) A23(t55) )
K, (t)A1(8)+K2(t, S) K, (t)Ag(S) A33(t, S)

g(taS)E/F(tvr)drl(s,T)(t)v A13(ta S)EBl(s)+B2(s+5)1[tg,t—6)(s)+ BB(T)F(Ta S)d?",

S

Assl(t, s)E/F(t,r)(Bl(s)—i—Bz(s + 5)1[0,r_5)(s)+/T Bs(0)F (0, s)db)dr,

A33(t,s)zKl(t)(Bl(s)+B2(s+5)1[t07t_5)(s)Jr/Bg(r)F(r,s)dr)+K4(t, s),
Ci(s) Cs(s) Di(s)
C(t,s) = | E(t,9)C1(s) E(t,8)Cs(s) E(t,s)D1(s) |,
Kl(t)Cl(s) K1(t)03(8) Kl(t)Dl(S)

~—

and
€0)+ [ (Ax(o)els =3 = t0) + Bas)s(s = 5 = o) + () ds
+/t (02(5)5(5 —tg — 5) + O—(S))dw(s)
p(t)= . /to F(t,s) (5(0) + /to Bgt(r)g(r —5— to)dr> ds

+/t s<t,s><A2<s>s<s—afto>+b<s>>ds+/t £(t,5) (Cal)€(s—6—to) o (s))dVW ()

0 0

K1 (t)€(0) + K (t) / (A2(s)€(s — & —to) + Ba(s)s(s — 6 —to) + b(s))ds

t fo
() [ (Cal)6ls — t0 =)+ ()W () + Ka(DE(t ~ 6 —ta) +o(0)
L to
Notice that Ki(-) € L2(to, T;R™*™) and o(-) € LZ(0,T;R™). Then, we obtain

T t T T
E/ \Kl(t)/ a(s)dW(s)|2dt</ |K1(t)|2th/ l(s)|2ds < oo.

to to to to
In addition, by (A1), the Holder inequality and (K7 (-), Ka(:,-), K3(:), Ka(+,-),v(-)) €
L, we obtain ¢(-) € L2(tg, T; R>"™), A(-,) € L?(As(ty, T); REnHmIxCntm)y (. )
€ L%(No(tg, T); RErHm)x(2ndm)) " Thys, by the solvability of SVIEs (or Proposition
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2.2 in the Arxiv version of this paper [28]), (A.1) admits a unique solution X(-) €
L(tg, to+6; R?"*™) which implies that x(-) € L&(to,to+3d; R™) and u(-) € L3 (to,to+
9; R™). Furthermore, by the definition of the solution of the first equation in (2.2),
z(-) € LE(Q; C([to, to + 6]; R™)), which implies the existence of the solution to (2.2).
As for the uniqueness, since (A.1) and (2.2) are equivalent, it can be obtained from
the uniqueness of the solution to (A.1). Hence, the closed-loop system (2.2) admits a
unique solution on [tg, to + 6]. Then, the same steps are repeated on [tg + 6, to + 20],
[to + 29,to + 36] and so on. The terminal time T is finite. Thus, (2.2) admits a
unique solution on [tg, T]. Regarding the estimate (2.3), the detailed proof process is
provided in the Arxiv version. 0

The proof of Proposition 3.1:

Proof. To show the equivalence, it is sufficient to prove that under (A1), the X(+)
defined in (3.7) is the unique solution of SVIE (3.8). In terms of Proposition 2.1 and
the solvability of SVIEs (or Proposition 2.2 in the Arxiv version of this paper [28]),
we only need to prove the following results:

A(,) € LA (0, T); REW*Gm) B(. )€ L*(Ag(0, T); REW*™) R(-) € L=(0,T:S™),
C(,-) € ZL2(L2(0,T); REM*Gm - D(.) € L2(05(0,T); RED*m),

Q(-) e L>®(0,T;S*) ,b(--) €LY (22(0,T);R3™) ,5(-, ) € L2 (A2 (0,T);R?") .

Notice that

T T
/ / |5(t,s)A1(s)|2d5dt§/ |A1(s |2d5/ / |F(t,r |dr dt
o Jo

Then, by A;(-)€ L?(0,T;R™ ") and F(-,-) € L°(A2(0, T);R™*™), we have E(-,)A;(+)
€ L?(A2(0,T);R™*™). In terms of Assumption (A1), A(-, )6L2(A2(0 T); R(3")X(3")).
Using the Holder inequality and Assumption (A1), we can prove the integrability of
B(,-), C(--), D(-,-), Q(-), R(-), b(,-) and &(-, ), thus the proof is completed. |
The proof of Theorem 3.3:
Proof. Inspired by [17], let us introduce the following Riccati system:

PO (1) = Q(t)+(CTxPxC)(t)— (C TxPxD)(t)

x(R(t) +(D"xPxD)(t)) YD "™xPxC)(t), 0<t<T,
PP (s,t,t) = PP (t,5,1)T = (PxA)(s,t)

—(PxB)(s,t)(R(t) + (D"xPxD)(t)) YD xPxC)(t), 0<t<s<T,
P (s1,59,t) = (PxB)(s1,t)(R(t) + (DT xPxD)(t))~*

x(BTxP)(s9,t), 0<t<(s1A89)<T,
where for each M : Ay(0,T) — RUXG™) M,y 0 Ay (0,T) — REM X2 with any positive
integars d, ds,

(A.2)

(M, x P)(s,t) = M (s,t) PP (s) / M, (r, t) PP (r,s,t)dr, 0<t<s<T,

(A.3) (P x M) (s,t) = P<1)(3)M2(s,t)+/ P (s, 7, t)My(r,t)dr, 0<t<s<T,

t

(M1[><P>4M2 /M1 81, (31)M2 81, / P( 81,82, )MQ(SQ, )dSQ]dSl

By Corollary 6.7 in [17], the equatlon (A.2) admits a unique solution (P, P(?)) ¢
11(0,7) such that R+(D"xPxD) > BI for some constant 3 > 0. Next we will
equivalently transform (A.2) into (3.11). To this end, we first show that

(Ad)  (CTxPxC)(t) = (Ci(t), Ca(t), C3(1) "G () (Ca(1), Ca(t), Cs(t)),
(A5)  (CTxPxD)(t) = (Ci(t), Ca(t), C5(t)) " Ga () Da (1),
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(A6) (DTxPxD)(t)=Dr(t) i) Dilt), (DTxPxC)(t)=Di(t) 'Gult)(C:t).Colt) Co(2)).

Notice that
C(S, t) = T(87 t)(cl (t)7 02(t)7 C3(t))7

(CTxPx C’)(t)/TC(s,t)TP(l)(s)C’(s,t)ds +/T/TC’(51,t)TP(2)(51,32,t)0(52,t)dsld52.

¢
Then, (A.4) holds. Similarly, by D(s,t) = Y(s,t)D1(t), we obtain (A.5)—(A.6).
Next we treat the terms (P><A) and (P ><IB) From A(s,t)="(s,t)(A1(t),Aa(t),As(t)),

(PxA)(s,t)=[P" (s,t)+ P<2> (8,7,8) Y (r,t)dr)(Ar (), A2 (), A3(t)).
t
On the other hand, we observe that

B(t7 S) = /t H(ta S, 0)(31 (S)Ta BQ(S + 5)1—’ (B3(0)F(0a S))T)Tdo'
Then, we deduce |

(P x B)(s,t) = / P ()II(s,t,0)(By(t) ", Ba(t +6) ", (Bs(0)F(6,1)) ") d
(A7) + / : / ' P (s, 7, )I(r, t,0)(By(t) ", Ba(t +6) ", (Bs(0)F(6,t)) ") 'ddr.

Hence, after some direct calculations, together with (A.4)—(A.7), we see that (A.2)
can be written as (3.11), which completes the proof of Theorem 3.3. |

The proof of Theorem 3.4:
Proof. Introduce the following Type-II extended backward SVIE:

dn(t, s):—{(P 3 b)(t,s 4 (t,8) (DT x Px&)(s)+ T*(t, )T/T[B(r s)T

xn(r,s) + D(r,s) " ¢(r, s)]dr}ds +C¢(t,8)dW(s), 0<s<t<T,
(A-8) (T - =TT ~ g
n(t,t)=(C" x Px&)(tH+E*(t) (D I><P>40)(t)+/( (r,t)+B(r,t)
xE*(t))Tn(r,t)dr—i—/ (C(r,t) + D(r,t)E*(t)) " ¢(r, t)dr, 0<t<T,
where

Z*(t) = —(R(t) + (D" x Px D)) Y (D "xPxC)(t), 0<t<T,
I*(s,t) = —(R(t) + (DT xPxD)(t)) " (BTxP)(s,t), 0 <t <s<T.

Under Assumptions (A1)-(A2), it follows from Theorem 3.2 in [17] that Equation
(A.8) admits a unique solution (1, ¢) € Lz .(A2(0,T); R*™) x Lg(A2(0, T); R?™). After
a careful observation, we have that

T

Pb)(t,5)=| PO(@)Y(t, 5) / 2t r, )T (r, s)dr]p(s).
)

t
(1), C ( ), C5(t) "Gi () (2),
(5) = Di(s) " Gu(s Jo(s),  C(ts) =T(t5)(C1(s), Cafs), C3(s),

) (
D(t,s)="(t,5)D1(s), Blt.s) / (t,s,0)(B1(s)",Ba(s+0) " (Bs(0)F(0,5) ") Tde.

S

Then, we see that (A.8) can be rewritten as (3.13), which completes the proof. d
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Before proving Theorem 3.6, according to [17], we need some auxiliary results
about the new control problem with the state equation (3.8) and the cost (3.9).
To begin with, for any given ¢y € [0,T"), we consider the following system:

X085 (1) = o(t) + /t: [A(t, ) X055 (s) + B(t, s)u'> (s) + b(t, 5)] ds
+/tt [C(t,8) X055 (s) + D(t, s)u'<(s) + &(t, s) | dW (s), to<t<T,
(A.9) Gto’g‘[()s,t) = ¢(s) + /tt [A(s,7) X %5 (r) + B(s,r)u'%< (r) + b(s,r)]dr

+/t[C(S,T)Xto’g’g(r)j—D(s, Pt (r)+6(s,r)]dW (r), to<t<s<T,
uto’f’ts(t) = Z(t) X108 (1) + /T [(s,£)0%5%(s,t)ds + w(t), to<t<T.

In terms of [17], we call any triplett (E,T,w) € S(to,T) = L>®(ty, T; R™*™) x
L2 (Na(to, T); R™¥™) x La(tg, T; R™) the causal feedback strategy. For any (2,T,w) €
S(tg,T), € € C([-9,0];R") and ¢ € L?(—6,0;R™), let the triplet (Xto:&< @to:&s
u'o£<) be the solution to the system (A.9) and write u':¢s = (2, T, w) [to,&,¢]. A
causal feedback strategy (2*,I'*,w*) € S(to,T) is called a causal feedback optimal
strategy of the new control problem if
J(th 57 S5 (E*v F*v(“}*) [tO, 53 §] ) < J(t07£7 S5 U),

for any (¢,5) € C([—6,0];R™) x L?(—6,0;R™) and any u(-) € L2(to, T; R™).

The following result gives the closed-loop solvability for the new control problem,
and its proof can be referred to in the Arxiv version of this paper [28].

LEMMA A.1. Let Assumptions (A1)—(A2) hold. Then, for any given tg € [0,T),
the causal feedback optimal strategy (2*,T'*,w*) of the new control problem on [to,T)
with (3.8) and (3.9), is given by (3.14) and forto <t < T,

T s
w*(t) :—R(t)_l(Dl(t)Tgl(t)o(t)+/ [/ B(6,t) " 1I(s,t,0) "n(s,t)do
(A.10) +D1(t)TT(s,t)TC(s,t)]ds)7
where TI(-,-,-), T(+,), R(+), G1(+) and G3(-,-,-) are defined by (3.10), (3.12), respectively.

The proof of Theorem 3.6:

Proof. The following is a brief proof. For more details, please refer to the Arxiv
version of this paper [28]. The idea of the following arguments is to explicitly construct
the desired five-tuple closed-loop strategy by the causal feedback strategy (2*, I'*, w*)
in Lemma A.1. To this end, we divide the proof into 3 steps.

Step 1: Given Z*(-),I™*(+,-) in (3.14), for later convenience we decompose them as
() =[21(1),23(1),25(t)], T*(s,t)=[T'{(s,¢), '5(s,),T'(s, t)]. In this step, we prove
that the following process is an optimal closed-loop outcome control of Problem (P):

u*(t) = Ky (t)z*(t) + /t K3 (t,s)z"(s)ds + K3 (t)z™ (t — 9)

(A.11) + [ Ki(t,s)u*(s)ds+v*(t), to<t<T,

to

T s
(A.12) Kf(t)zEf(t)—F/t [FT(S’t)+F;(3’t)1([t+5}/\T,oo)(3)+/tF§(8’t)F(S’a)de]ds’

T
(A.13) K3(t,s) =Z5(t)F(t,5) + T3(s + 6,t)Lp_s—s(s) + / I5(0,t)F (6, s)do,
(A.14) K3(t) = E3(1), '
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T T
829 Kj(t,s) :/ (L5 (r,t) 4T3 (r,t) L (5426,00) (1) Ljo,7—5) (t)+/ L% (r, t)F(r,0)do)dr
5+0 - s+0
330 XB2(S+6)1[t—6,T—6](5) + / (FT (T7 t) + F; (T7 t)l[to,T—é) (0/)
r J O

831 (A15) X1y r—s) (D)1 (gr45.00) (TH+ r;(r,t)F(r,e)de)Bg(e/)F(e’,s)drde',
9/

TA(to+5) to T
832 v*(t) = w*(t)+/ I'5(s,t)€(s —to — d)ds + / [/ L5 (r,t) + T5(r, 1)
t t s

r -5 +6
833 (A.16) ><1(s+257oo)(7")1[07T_5)(t)—|—/I‘§(r,t)F(r,@)dH]dng(s—i—c;)}g(s—to)dsl[to,t0+5](t),
s+0

8314 and w*(+) is defined by (A.10).
835 By Proposition 3.1, given (2% w*) in Lemma A.1, the optimal control of Problem
846 (P) is given by
T
838 (A7) ut(t) = 2 ()X (1) +/ T*(s,)0%(s,t)ds + w*(t), to <t < T,

840 Lo

839 where X*(-) = [m*(')T,y*(;)T:Z*(')T] ; and

841 0% (s,t) = p(s) + /t [A(S,T)X*(r) + B(s,r)u*(r) + i)(s,r)]dr
842 —|—/ [C(s,7)X*(r) + D(s,7)u*(r) + 6(s,7)|[dW(r), to<t<s<T.

§43 Our next idea is to rewrite (A.17) into (A.11). For later convenience, let ©%(:,-) =
st [01(49)7,05(,) T, ©5(-) 7] It then yields
816w (t) = Z7(t)a*(t) + Z5(t)x"(t — 0) + =5(¢) / F(t,s)x*(s)ds

to

T
247 (A.18) +/ [r’;(s,t)@;(s,t) F (s, 0)O5(s, 1) + rg(s,t)@;,(s,t)}ds Fwt(1).
849 t

848 As to ©F, ©3, O3, by the Fubini theorem, we obtain

SA(t+0) s t
0 (A19) @;(s,t):x*(t)+/ Ba(r)u* (r—8)dr+ [ Bs(r) / F(r,0)u* (6)d6dr,

85
851 @;(57 t) = €(S — 5 — to)l[t07t0+5] (S) —+ 1(6+t0,oo) (S){I* (t A (5 — 5))
(t+0)A(s=9) s—08 t
852 (A.20) +/ Ba(r)u*(r — J)dr—i—/ Bg(T)/ E(r, 0)u*(0)d9dr},
854 tA(s—8) tA(s—6) to
853 and
s (t+8)Ar tAT pr B

855 @;(s,t):/ [P‘(s,r)x*(t/\r)+/ Bg(@)U*(H—(S)dH—F/ Bs(0)F(6,0")u*(0")d6do'|dr.

to tAT to tAT

856 Substitute the above estimate and (A.19)—(A.20) into (A.18), and apply the Fubini
857 theorem to each of the resulting terms. Then, the optimal closed-loop outcome control
858 (A.17) of Problem (P) becomes (A.11), and Ky (), K3(-,-), K5(-), K;(-,-),v*() are
859 given by (A.12)—(A.16).

860 Step 2: In this step, we give furthermore explicit representations of K{, K3, K3,
861 K} and v* by means of (P, P(?)) and other given coefficients of the optimal con-
862 trol problem. Let P = (P(), P®)) be the solution to the Riccati-Volterra equa-

863 tion (3.11), and decompose them as P! (.) = (Pig-l)(-))1<ij<3 and PP (.,-,.) =
862 (Pi(jz)(-, - '))1<z‘,j<3' Then, by (3.10) and (3.14), for i = 1,2, 3, we have
866 i) = —R(t)IDi(t) T G1(H)Ci(t), to<t<T,
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D (s.4) = / B0, )" (1(s,,60) " 140,0)0) [P (9)T, PV (5) T, PP ()]

(A.21) + H(r,t,@) TP, (2)(T s5,t) 7, P(2)(r s5,1)", P(2)(7‘ s,t)"] dr)d&, to<t<s<T.

From (A.15), %v% have

K;;(t,s):{ / +6{Ff(r,t)+I‘2(rt)1(8+25oo)() tro.7—5)() / % (rt) F (re)do}d
><Bz(3+5)}1[t s57—a](s // (1, ) +T5(rt) Lty o) (0") L1y, 7—6) (1)

+/ Li(r, t)F(r,0)d ) F(0,s)drdd’ = I,(t,s + )1 t—s,7—s)(s) + Ia(t, s),
0/
which implies that

T r
I(t,s) :/ {FT(T,t)—|—F;(r,t)1(s+57oo)(T)l[tO’T_(;)(t)—F/F;(T, t)F(r,0)df |drBy(s).

S
y (A.21) and some calculations, we derive

T T

It,s)=—R(t)"! / B[ [ 1) PO (Ll es00 (Lo 15 O,
s\/@

/ (oot ar + / (0,8.6) PO ) (1L 45007 Lo 75y (T,

/F (r,8')7do )Tdadr}de}Bg( ).

Similarly, by (A.21), we can treat I3 and then deduce Kj(-,-) in (3.16).

Similar to the above steps, by (A.12) and (A.21), we get K;(-) in (3.15). From
(A.13) and (A.21), we obtain K3 (-,-) in (3.16). By (3.12) and (A.14), we derive K3(-)
n (3.15). In addition, combining (A.10), (A.16), (A.21) and applying the Fubini
theorem, we deduce v*(-) in (3.17).

Step 3: In this step, we show that (K7 (), K3(-,-), K5(), Ki(-,-),v*(:)) is the
optimal closed-loop strategy of Problem (P) on [tg,T] in terms of Definition 2.3.

In fact, by the optimality in Step 1, it is sufficient to prove that (K7 (), K3(-, ),
K;(),K;(-,-),v*(-)) € L. Next we prove that Ki(-) € L*(to,T;R"™™™). Since
(PM, PR € 11(0,T), we have

esssup |PM (¢ &)+ ( / / sup  |[PP(sy, s0,1)] %dsydss)® < oc.

te(0,T) t€[0,s1As2]
By the boundedness of F( -), we obtain

sup /|T 5,8) TP ()Y (s,t)|ds <Mess sup|PU(t) |/ ‘1+/|F s,r)|dr
te(0,T)Jt te(0,T)

Here and hereafter M is a generic constant. Similarly one can treat the case of P().
Thus the above two estimations imply the boundedness of G; (). Recall Theorem 3.3,
R(-) = BI for some constant 8>0. Then, the boundedness of Ry(-), Ra(-), D1 () imply
that R(-)~! is bounded. Notice that

/tT‘/T /TB b, T/T (P (o, )11(r,1,6)) dr¥ (a )dade] dt
/to /|Bet// 7+1+7|€(rt)|+7|5(7~t+5)|+|5(r9)|>

(A.22)  x|PP(a,r, )| (1 +|E(a t)|)dadrd6' dt.
By the boundedness of F(-,+), Bi(-), B2(-) and Bs(-), we deduce

ol

ds<oo

This manuscript is for review purposes only.



892

893

894

895
896

CLOSED-LOOP SOLVABILITY OF DELAYED CONTROL PROBLEMS

T
/ / B(6,1) |/ / P<2 (o, 7, 1)||E (e, )| dexdrdf it
to

(A.23)< M/ / sup [P (a, 7, t)2dadr < co.

te[0,anr]

Similar to (A.23), we can deal with other terms in (A.Z ) and prove that K

) )

TR ™), Furthermore, we can verify that (K7 (), K5 (-, ), K3(-), K5 (-
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