
CLOSED-LOOP SOLVABILITY OF DELAYED CONTROL1

PROBLEMS: A STOCHASTIC VOLTERRA SYSTEM APPROACH ∗2

WEIJUN MENG† , TIANXIAO WANG‡ , AND JI-FENG ZHANG§3

Abstract. A general and new stochastic linear quadratic optimal control problem is studied,4
where both state delay and control delay can appear simultaneously in the state equation and the cost5
functional with time-varying coefficients. The closed-loop outcome control of this delayed problem is6
given by a new Riccati system whose solvability is carefully established. To this end, a novel method7
is introduced to transform the delayed problem into a control problem driven by a stochastic Volterra8
integral system without delay. This method offers several advantages: it bypasses the difficulty of9
decoupling the forward delayed state equation and the backward anticipated adjoint equation, avoids10
the introduction of infinite-dimensional spaces and unbounded control operators, and ensures that the11
closed-loop outcome control depends only on past state and control, without relying on future state12
or complex conditional expectation calculations. Finally, several particular and important stochastic13
systems are discussed. It is found that the model can cover a class of stochastic integro-differential14
systems, whose closed-loop solvability has not been available before.15

Key words. Stochastic delayed optimal control, time-varying coefficients, closed-loop solvabil-16
ity, Riccati equation17

AMS subject classifications. 93E20, 60H10, 34K50, 49N1018

1. Introduction.19

1.1. Delayed optimal control problems. Let (Ω,F ,F,P) be a complete fil-20

tered probability space with filtration F = {Ft}t⩾0 generated by one-dimensional21

standard Brownian motion W (·). Given 0 ⩽ t0 < T , the constant delay time δ > 022

and control u(·), let us consider an optimal control problem where the state equation23

is described as:24

(1.1)


dx(t) =

[
A1(t)x(t) +A2(t)y(t) +A3(t)z(t) +B1(t)u(t) +B2(t)ν(t)
+B3(t)µ(t) + b(t)

]
dt+

[
C1(t)x(t) + C2(t)y(t) + C3(t)z(t)

+D1(t)u(t) + σ(t)
]
dW (t), t ∈ (t0, T ),

x(t) = ξ(t− t0), u(t) = ς(t− t0), t ∈ [t0 − δ, t0],

25

and the cost functional is defined as:26
27

J(t0, ξ(·), ς(·);u(·))= E
∫ T

t0

[
x(t)⊤Q1(t)x(t) + y(t)⊤Q2(t)y(t) + z(t)⊤Q3(t)z(t)28

+u(t)⊤R1(t)u(t) + ν(t)⊤R2(t)ν(t)
]
dt.(1.2)29

Here y(·) and ν(·) are the pointwise delays of the state and the control, respectively,30

z(·) and µ(·) are the corresponding (extended) distributed delays which are defined:31
32

y(t) ≡ x(t− δ), z(t) ≡
∫ t

t0

F (t, s)x(s)ds, t ∈ (t0, T ),33
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ν(t) ≡ u(t− δ), µ(t) ≡
∫ t

t0

F̃ (t, s)u(s)ds, t ∈ (t0, T ).(1.3)34

In addition, ξ(·) and ς(·) are called the initial trajectories of the state and the control,35

respectively. The conditions satisfied by coefficients F, F̃ , Ai, Bi, Ci, D1, Qi, R1, R2, b,36

σ above will be specified in Section 2, which ensure the well-posedness of the cost37

functional (1.2), i = 1, 2, 3. The optimal control problem is stated as follows:38

Problem (P). To find u∗(·) such that (1.2) is minimized, i.e.,39

J(t0, ξ(·), ς(·);u∗(·)) = inf
u(·)∈L2

F(t0,T ;Rm)
J(t0, ξ(·), ς(·);u(·)) = V (t0, ξ(·), ς(·)),

where L2
F(t0, T ;Rm) is the Hilbert space consisting of F-adapted processes ϕ(·) such40

that E
∫ T

0
|ϕ(t)|2dt < ∞. Any u∗(·) ∈ L2

F(t0, T ;Rm) and the corresponding x∗(·) are41

called an open-loop optimal pair. V (t0, ξ(·), ς(·)) is called the value function. In the42

special case, when b(·) and σ(·) vanish, we denote the corresponding delayed linear43

quadratic (LQ) problem, the cost functional, and the value function by Problem (P0),44

J0(t0, ξ(·), ς(·);u(·)) and V0(t0, ξ(·), ς(·)), respectively.45

As to the above (1.1), it is an extension of the following stochastic differential46

delay equation (SDDE):47
48

(1.4)



dx(t) =
[
A1(t)x(t) +A2(t)y(t) +A3(t)z̃(t) +B1(t)u(t) +B2(t)ν(t)

+B3(t)µ̃(t) + b̃(t)
]
dt+

[
C1(t)x(t) + C2(t)y(t) + C3(t)z̃(t)

+D1(t)u(t) + σ̃(t)
]
dW (t), t ∈ (t0, T ),

x(t) = ξ(t− t0), u(t) = ς(t− t0), t ∈ [t0 − δ, t0],

z̃(t) ≡
∫ t

t−δ

G1(t, s)x(s)ds, µ̃(t) ≡
∫ t

t−δ

G2(t, s)u(s)ds, t ∈ (t0, T ),

49

where y(·) and ν(·) are defined in (1.3), and G1, G2 are bounded. In fact, we have50

z̃(t) = G̃1(t) +

∫ t

t0

Ĝ1(t, s)x(s)ds, µ̃(t) = G̃2(t) +

∫ t

t0

Ĝ2(t, s)u(s)ds,

G̃1(t)≡
∫ t0

t−δ

G1(t,s)ξ(s−t0)ds1[t0,t0+δ)(t), G̃2(t)≡
∫ t0

t−δ

G2(t,s)ς(s−t0)ds1[t0,t0+δ)(t),

Ĝi(t, s)≡
[
1[t0,t0+δ)(t)+1[t0+δ,T ](t)1[t−δ,t)(s)

]
Gi(t, s), i = 1, 2.

Therefore, (1.4) can be seen as a special case of (1.1) with b = b̃ + A3G̃1 + B3G̃2,51

σ = σ̃ + C3G̃1, F = Ĝ1, F̃ = Ĝ2. Based on this fact, we name (1.1) the (extended)52

controlled SDDE. More details about SDDE (1.4) can be referred to [29]. Notice that53

here we allow t0 + δ ⩽ T .54

1.2. Motivations. In the real world, many challenges across disciplines like55

economics, finance, aerospace, and network communication can be framed as opti-56

mal control problems [8, 9]. Moreover, the evolution of certain phenomena hinges57

not only on present conditions but also on their historical trajectories. Consequently,58

the optimal control problem of stochastic control systems containing state delays and59

control delays, like the above (1.4), is an important issue in control theory. The rele-60

vant optimal control problems have attracted enormous attention of the optimization61

and engineering communities in the last decades. We refer to the monographes by62

Bensoussan–Da Prato–Delfour–Mitter [5], Meng–Shi–Yong [26].63

To motivate the current study, let us make some careful discussions about the64

existing papers from the viewpoints of frameworks, methodologies, and conclusions.65
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I. The existing frameworks on stochastic delayed systems seem scattered and66

decentralized, many of which do not fully cover each other.67

• Time-invariant versus time-varying coefficients: Such a difference happens even68

for deterministic controlled systems. For example, [20, 22, 23, 27, 37] and the relevant69

papers therein are devoted to the time-invariant case, while [3,4,10,12,24,38] and the70

relevant papers therein are concerned with the time-varying one. The appearance of71

both cases in the literature is attributed to the complexity of delayed problems and72

the methodology limitation developed accordingly.73

• State delay versus control delay: When only state variables contain the delayed74

terms, we refer to [12, 14] for the deterministic case and [15, 23, 24] for the stochastic75

case. When delayed terms are only added to control variables, we refer to [19,35] for76

the deterministic case and [22,23,33,37] for the stochastic case. Since the methods for77

handling state delay or control delay are fundamentally different, the corresponding78

models are discussed separately in the literature.79

• Pointwise delay versus distributed delay: We found that delay types also affect80

the analogue study. For example, [10,22,23,37] are concerned with the pointwise delay81

in state or control, while [9, 15] are devoted to the case with distributed delay. The82

poinwise delay is usually more challenging since the distributed delay can be dealt83

with using the derivative formula or the Itô formula, but the pointwise delay cannot.84

• State (or control) dependence versus constants in diffusion terms: In the liter-85

ature, we found that whether diffusion terms depend on the state/control variables,86

or even their delayed terms, brings essential differences. We refer to [15, 22, 37] for87

the former case while [8, 9] for the simple constant case. In our opinion, the related88

reason is that this dependence occurs within the stochastic integral terms, rendering89

the previously used methods for handling the Lebesgue integral terms ineffective.90

• Delayed terms in cost functionals or not: Eventually, let us point out the dif-91

ferent frameworks caused by the dependence of delayed terms in cost functionals.92

Even for deterministic controlled systems, pointwise delay in cost functionals makes93

weight operators unbounded, while distributed delay makes their processing highly94

dependent on the given weight coefficients (see the Introduction part of [20] for de-95

tailed explanations). When cost functionals contain state/control delay terms, we96

refer to [20,25,26,37], while most other existing studies do not touch this topic.97

Based on the above classifications of the models, we pose the first question:98

(Q1): Is it possible to provide a general framework to cover the above models?99

II. After careful observations of the existing papers, we found that there are100

several approaches treating LQ problems for stochastic delay systems. We list them101

out and make some analyses as follows.102

• Maximum principle: It is a very natural method [11, 34, 37]. To obtain the103

explicit forms of optimal controls, the challenging part is to decouple the forward-104

backward stochastic systems. One successful example is [37], where a class of Riccati105

equations is established when the system only contains pointwise control delay. The106

difficulties in general case may lie in that the delay effect disrupts the classical decou-107

pling relation and makes the Itô formula fail to work [4].108

• Dynamic programming: This method is very effective in obtaining feedback109

forms of optimal controls, see [3,5,22,23] for more details. However, the main difficulty110

for delayed problems is the lack of Markovianity, which obviously forces us to deal111

with infinite-dimensional HJB equations at the cost of increased complexity.112

• State space method: This method is to lift state equations to Banach/Hilbert113

spaces (depending on the regularity of the data). It is developed in the deterministic114

case by [12, 19] and then extended in the stochastic case by [15, 27]. This method115
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always comes at a cost of moving problems to infinite dimension. Another limitation in116

the stochastic case lies in the presence of unbounded operators in state equations [27].117

•Variation of constants formula method: By using this method, one can transform118

the original delayed system into another integral system of Volterra type without delay119

which is solved by fundamental solution. We refer to [18, 20, 21, 25] for more details.120

This works well in deterministic controlled systems. However, when diffusion terms121

contain state delay terms, it becomes unclear to go through the whole procedure since122

anticipated stochastic integrals may be involved.123

Based on the above analysis, different methods are used to handle different mod-124

els, but each has its own drawbacks. Therefore, we raise the second question:125

(Q2): Is it possible to come up with a new approach to bypass the disadvantages126

in the existing papers?127

III. Last but not the least, let us make some discussions about the obtained128

conclusions in terms of feedback controls and Riccati systems in the literature. We129

separate them into the following cases.130

• Riccati systems versus Fredholm systems: To obtain feedback controls, Riccati131

systems are one of the most popular and important tools. We refer to [3, 8, 11–13,132

22, 26, 27, 37] and the related papers therein. On the other hand, according to the133

works [20,21], Fredholm systems also play important roles. In other words, the helpful134

systems for establishing the feedbacks are by no means unique.135

• The challenges of Riccati systems: This point can be explained in the following136

manners. Firstly, the successful introduction of Riccati systems only hold in specific137

settings, e.g., the time-invariant case [19,22,27,37], the only state delay case [11,23],138

the only control delay case [8,23,37]. Secondly, even for the papers containing Riccati139

systems, verifying the coincidences among them seems quite involved and technical,140

such as [11] and [27], or [22] and [37]. Thirdly, even though Riccati systems are141

derived, they are quite challenging to further discuss their solvability. Along this142

line we mention the works of [11, 27] for some progress in the stochastic setting.143

Fourthly, as to the papers obtaining the solvability, different works require different144

assumptions [3, 12]. Hence, it seems difficult to give a unified precondition.145

• The challenges of feedback controls: In the literature, open-loop optimal controls146

and closed-loop optimal controls are two main notions for representing the explicit147

forms. For the former one, there are some relevant papers [27,34,36,38]. Since it is not148

easy to decouple forward-backward adjoint systems, the closed-loop representations of149

open-loop optimal controls are not successfully given until some recent works of [11,150

27,37]. As to the later one, there are some works treating the closed-loop solvability.151

We refer to [26,27]. However, their closed-loop solvability depends on the transformed152

problems, thus lacks generality, and their methods are not applicable to time-varying153

coefficients.154

To sum up the above, different models have different versions of Riccati systems,155

among which the difference analysis is lacking and the relevant solvability is not156

obtained. Therefore, we come up with the third question:157

(Q3): Is it possible to derive a unified Riccati system and feedback control for the158

general model (1.1) and (1.2), and verify the consistency with the existing papers?159

Now let us return back to Problem (P) and discuss another special case where160

A2, B2, C2, Q2, R2 = 0. Here we then arrive at the LQ optimal control problem for161

(a class of) stochastic integro-differential systems (or stochastic differential systems162

with memory). This type of optimal control problems naturally emerges in many dif-163

ferent application scenarios, and is particularly common when studying the optimal164
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performances of systems in response to specific inputs. In such cases, the systems’165

responses do not occur immediately but rather appear after a certain period of time.166

However, in contrast to the previous discussion on SDDEs, for optimal control prob-167

lems involving systems with memory, just a few isolated results are available at the168

moment. We refer to [7] for the finite dimensional case and [6] for the infinite dimen-169

sional study. In the LQ framework, [30] studied a simple integro-differential model170

in the finite-dimensional space and obtained the optimal synthesis via Riccati-type171

equations for the first time (commented by [2]). Other enhanced results appeared172

recently in [16, 31]. For the extension to the infinite dimension, we refer to [1, 2].173

These results hold in the deterministic controlled system framework. Due to the lack174

of relevant study on stochastic systems, we raise the fourth question:175

(Q4): It is possible to provide some systematic study in stochastic integro-differen176

-tial systems to fill the gaps left by the existing literature?177

1.3. Contributions and novelties. In this paper, our goal is to treat the gen-178

eral framework with the state equation (1.1) and the cost functional (1.2) by employing179

new methodologies, and give positive answers to the aforementioned four questions.180

To begin with, we propose a general definition of the closed-loop solvability for Prob-181

lem (P). To show its sufficiency, we separate the procedures into four parts. We182

firstly adapt the transformation procedures, introduced in [25], into our framework183

and end up with an LQ problem for a stochastic Volterra integral system without184

delay. Secondly, by borrowing the ideas developed in [17] and [16], we introduce and185

discuss a class of Riccati systems and backward stochastic adjoint systems. Then, by186

the previous Riccati systems, we explicitly construct the desired closed-loop strategy,187

the resulting closed-loop outcome control, and prove its optimality. Finally, we make188

detailed comparisons/coincidences with the existing study. The contributions and189

innovations of this paper are summarized as follows.190

• A general yet new stochastic LQ optimal control problem is studied. On the191

one hand, it covers stochastic differential delay systems where the coefficients192

are time-varying, both state delay and control delay can appear in the drift193

terms, the diffusion terms, and the cost functionals. On the other hand, it194

covers a class of stochastic integro-differential systems where memory terms195

enter into the drift, diffusion terms, and the cost functionals. This gives a196

nice response to (Q1), (Q4).197

• A new transformation method is employed for the above general framework,198

and the advantages are shown in three aspects. Firstly, it avoids the compli-199

cated decoupling procedures for forward-backward systems. Secondly, it can200

handle time-varying coefficients case where traditional infinite dimensional201

lifting methods fail. Thirdly, in our approach there are no unbounded control202

operators, and there is no need to use infinite-dimensional analysis theories203

such as operator semigroups. This gives a nice response to (Q2).204

• By our main conclusions, we find the following four advantages and new205

facts. Firstly, we give the solvability of the Riccati system corresponding to206

Problem (P) and their coincidences with the existing literature in particu-207

lar cases. Secondly, we explicitly construct the unique closed-loop outcome208

control, which does not rely on the future state and avoids complex tools of209

conditional expectations. Then, we only impose integrability conditions on210

the coefficients of Problem (P), and do not require continuity or even dif-211

ferentiability assumptions. Finally, even for the deterministic control system212

(1.1), we present, for the first time, results regarding the integro-differential213
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part and the cost functional (1.2) with pointwise/distributed delays. This214

gives a nice response to (Q3), (Q4).215

The rest part is organized as follows. In Section 2, we formulate the control216

problem studied in the paper. In Section 3, we transform the original delayed control217

system into a Volterra integral control system without delay, and then, study the218

closed-loop solvability of the original delayed optimal control problem. In Section 4,219

we discuss several important cases to compare our results with the previous ones. In220

Section 5, we give some concluding remarks. Finally, we provide the proofs of the221

main results in Appendix.222

2. Preliminary. Let T > 0 be a given finite time duration, define △2 (0, T ) ≡{
(t, s) ∈ (0, T )

2 | T > t > s > 0
}
, 23 (0, T ) ≡

{
(s1, s2, t) ∈ (0, T )

3 | t < (s1 ∧ s2)
}
. I

is the identity matrix with appropriate dimension. Sn is the set of all n × n sym-
metric matrices. Next we define the following spaces which will be used in this pa-
per. Denote by L∞(0, T ;Rn) the Banach space consisting of Rn-valued variables
ϕ(·) such that sup

0⩽t⩽T
|ϕ(t)| < ∞, by Lp(0, T ;Rn) the Banach space consisting of Rn-

valued variables ϕ(·) such that
∫ T

0
|ϕ(t)|pdt < ∞, where p is an integer. Denote by

L2
Ft
(Ω;Rn) the Hilbert space consisting of Rn-valued Ft-measurable random vari-

ables ϕ such that E|ϕ|2 < ∞, by L2
F(Ω;C([0, T ];Rn)) the Banach space consisting of

Rn-valued F-adapted continuous processes ϕ(·) such that E
[

sup
0⩽t⩽T

|ϕ(t)|2
]
< ∞, by

L2,p
F (△2 (0, T ) ;Rn) the Banach space of Rn-valued and measurable processes ϕ on

△2 (0, T ) such that ϕ(t, ·) is F-progressively measurable on (0, t) for each t ∈ (0, T ),

and E[
∫ T

0
(
∫ t

0
|ϕ(t, s)|pds)

2
p dt]

1
2 < ∞. For p = 2, we simply denote L2

F(△2 (0, T ) ;Rn)

≡ L2,2
F (△2 (0, T ) ;Rn). Denote by L 2 (△2 (0, T ) ;Rn) the set of ϕ ∈ L2 (△2 (0, T ) ;Rn)

satisfying ess sup
t∈(0,T )

(∫ T

t
|ϕ(s, t)|2ds

) 1
2

<∞, and for any ε > 0, there exists a finite parti-

tion {ai}mi=0 of (0, T ) with 0 = a0 < a1 < · · · < am = T such that

ess sup
t∈(ai,ai+1)

(∫ ai+1

t

|ϕ(s,t)|2ds
) 1

2

<ε,

for each i ∈ {0, 1, . . . ,m−1}. Denote by L2,2,1 (23(0, T );Rn) the Banach space of
Rn-valued deterministic functions ϕ on 23(0,T ) such that

(

∫ T

0

∫ T

0

(

∫ s1∧s2

0

|ϕ(s1,s2,t)|dt)2ds1ds2)1/2<∞.

For any 0 ⩽ t0 < T , consider the following SDDE:223
224

(2.1)


dx̄(t) = [Ā1(t)x̄(t) + Ā2(t)ȳ(t) + Ā3(t)z̄(t) + b̄(t)]dt

+[C̄1(t)x̄(t) + C̄2(t)ȳ(t) + C̄3(t)z̄(t) + σ̄(t)]dW (t), t ∈ (t0, T ),

x̄(t) = ξ̄(t− t0), t ∈ [t0 − δ, t0],

ȳ(t) ≡ x̄(t− δ), z̄(t) ≡
∫ t

t0
F̄ (t, s)x̄(s)ds, t ∈ (t0, T ),

225

where ξ̄(·) ∈ C([−δ, 0];Rn) is the initial trajectory, δ > 0 is constant delay time. As226

to the coefficients of (2.1), we impose the following conditions:227

(H1) Ā1(·), Ā2(·), Ā3(·) ∈ L2(0, T ;Rn×n), C̄1(·), C̄2(·), C̄3(·) ∈ L∞(0, T ;Rn×n),228
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F̄ (·, ·) ∈ L2,1(∆2(0, T );Rn×n), b̄(·) ∈ L2
F(Ω;L

1(0, T ;Rn)), σ̄(·) ∈ L2
F(0, T ;Rn).229

The following proposition, with proof in [28], guarantees its solvability. In contrast230

with e.g. [10,11,38] where Āi(·) is assumed to be bounded, i = 1, 2, 3, we slightly relax231

them into proper integrable conditions.232

Proposition 2.1. Let (H1) hold. Then, SDDE (2.1) admits a unique solution233

x̄(·) ∈ L2
F
(
Ω;C([t0, T ];Rn)

)
.234

Based on the above preparations, let us return back to the state equation (1.1),
the coefficients of which satisfy the following assumptions.

(A1)A1(·), A2(·), A3(·) ∈ L2(0, T ;Rn×n), B1(·), B2(·), B3(·) ∈ L∞(0, T ;Rn×m),
C1(·), C2(·), C3(·) ∈ L∞(0, T ;Rn×n), D1(·) ∈ L∞(0, T ;Rn×m),

F (·,·)∈L∞(∆2(0,T );Rn×n), F̃ (·,·)∈L∞(∆2(0,T );Rn×m), ξ(·)∈C([−δ, 0];Rn),
ς(·) ∈ L2(−δ, 0;Rm), b(·) ∈ L2

F(Ω;L
1(0, T ;Rn)), σ(·) ∈ L2

F(0, T ;Rn),
Q1(·), Q2(·), Q3(·) ∈ L∞(0, T ;Sn), R1(·), R2(·) ∈ L∞(0, T ;Sm).

By Proposition 2.1, SDDE (1.1) admits a unique solution, the cost functional (1.2) is235

well-defined, and hence, it becomes natural to pose Problem (P) in the Introduction.236

We are interested in the closed-loop optimal control. To this end, we first look237

at the closed-loop strategy. For any given t0 ∈ [0, T ), define L ≡ L2(t0, T ;Rm×n) ×238

L2(∆2(t0, T );Rm×n) × L∞(t0, T ;Rm×n) × L2(∆2(t0, T );Rm×m) × L2
F(t0, T ;Rm). In239

the following, for any (K1(·),K2(·, ·),K3(·), K4(·, ·), v(·)) ∈ L, we call it a closed-loop240

strategy on [t0, T ]. Later we will use this closed-loop strategy, which does not depend241

on the initial data but only the given coefficients, to construct a closed-loop control242

on [t0, T ]. To introduce the closed-loop state, let us consider the SDDE:243
244

(2.2)



dx(t) =
[
A1(t)x(t) +A2(t)y(t) +A3(t)z(t) +B1(t)u(t) +B2(t)ν(t)

+B3(t)µ(t) + b(t)
]
dt+

[
C1(t)x(t) + C2(t)y(t) + C3(t)z(t)

+D1(t)u(t) + σ(t)
]
dW (t), t ∈ (t0, T ),

x(t) = ξ(t− t0), u(t) = ς(t− t0), t ∈ [t0 − δ, t0],

u(t) = K1(t)x(t)+

∫ t

t0

K2(t, s)x(s)ds+K3(t)x(t− δ)

+

∫ t

t0

K4(t, s)u(s)ds+v(t), t∈(t0,T ).

245

We call (2.2) a closed-loop system under (K1,K2,K3,K4, v) corresponding to (t0, ξ, ς),246

and call x(·), u(·) the corresponding closed-loop state and closed-loop outcome control,247

respectively. The proof of the following result is given in the Appendix.248

Proposition 2.2. Let (A1) hold. Then, for any given t0 ∈ [0, T ) and (K1(·),249

K2(·, ·),K3(·),K4(·, ·), v(·)) ∈ L, the closed-loop system (2.2) admits a unique solution250

x(·) ∈ L2
F
(
Ω;C([t0, T ];Rn)

)
on [t0, T ], and there exists a constant L > 0 such that251

E sup
t0⩽t⩽T

|x(t)|2 + E
∫ T

t0

|u(t)|2dt ⩽L

{
sup

t0−δ⩽t⩽t0

|ξ(t− t0)|2252

+

∫ t0

t0−δ

|ς(t− t0)|2dt+ E
∫ T

t0

(
|b(t)|2+|σ(t)|2+|v(t)|2

)
dt

}
.(2.3)253

At last, let us introduce the following notions.254

Definition 2.3. For any given t0 ∈ [0, T ), the closed-loop strategy (K∗
1 (·),K∗

2 (·,·),255

K∗
3 (·),K∗

4 (·, ·), v∗(·)) ∈ L is called an optimal closed-loop strategy of Problem (P) if256
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J
(
t0, ξ, ς; (K

∗
1 ,K

∗
2 ,K

∗
3 ,K

∗
4 , v

∗)
)
⩽ J (t0, ξ, ς;u) ,

for any (ξ, ς) ∈ C([−δ, 0];Rn) × L2(−δ, 0;Rm) and any control u(·) ∈ L2
F(t0, T ;Rm).257

If there (uniquely) exists an optimal closed-loop strategy on [t0, T ], Problem (P) is258

said to be (uniquely) closed-loop solvable on [t0, T ].259

Remark 2.4. Inspired by [3, 12, 19, 37], the closed-loop strategy for deterministic260

Problem (P) was introduced in [26], and then extended to the stochastic setting in [27].261

Here our version is more general due to the appearance of K3(·). Furthermore, the262

definitions of the closed-loop strategies in [26, 27] rely on the transformed equivalent263

problems, which are not required for Definition 2.3 in this paper. In (2.2), K1, K2,264

K3, K4 represent respectively the gain coefficients of the current state, the distributed265

state delay, the pointwise state delay and the distributed control delay.266

3. The closed-loop solvability of Problem (P). In this section, we firstly267

transform the delayed Problem (P) into another optimal control problem driven by a268

(finite dimensional) stochastic Volterra integral equation (SVIE) without delay. Based269

on such a transformation, we then introduce and discuss the desired Riccati system270

for Problem (P). Eventually, we construct an explicit closed-loop strategy and prove271

its optimality in the sense of Definition 2.3.272

3.1. Problem transformation. To begin with, let us take a closer look at the273

state x(·). Since ς(·) is the initial trajectory of the control, for either t ∈
[
t0, (t0+δ)∧T

]
274

or t ∈
(
(t0 + δ) ∧ T, t0 + δ

]
we get275 ∫ t

t0

B2(s)u(s−δ)ds=

∫ t

t0

B2(s)ς(s−δ−t0)ds=

∫ t0+δ

t0

1[t0,t)(s)B2(s)ς(s−δ−t0)ds.

For t ∈
(
t0 + δ, (t0 + δ) ∨ T

]
, we have276 ∫ t

t0

B2(s)u(s− δ)ds =

∫ t0+δ

t0

B2(s)u(s− δ)ds+

∫ t

t0+δ

B2(s)u(s− δ)ds

=

∫ t0+δ

t0

1[t0,t)(s)B2(s)ς(s− δ − t0)ds+

∫ t

t0

1[t0,t−δ)(s)B2(s+ δ)u(s)ds.

To sum up, for t ∈ [t0, T ], we have277 ∫ t

t0

B2(s)u(s−δ)ds=

∫ t0+δ

t0

1[t0,t)(s)B2(s)ς(s−δ−t0)ds+

∫ t

t0

1[t0,t−δ)(s)B2(s+δ)u(s)ds.

As to the µ(·) term in x(·), by the Fubini theorem, for t ∈ [t0, T ], we obtain278 ∫ t

t0

B3(s)µ(s)ds =

∫ t

t0

B3(s)

∫ s

t0

F̃ (s, r)u(r)drds =

∫ t

t0

∫ t

r

B3(s)F̃ (s, r)dsu(r)dr.

Thus we deduce279
280

x(t) = ξ(0) +

∫ t0+δ

t0

B2(s)ς(s− δ − t0)1[t0,t)(s)ds+

∫ t

t0

[
A1(s)x(s) +A2(s)y(s)281

+A3(s)z(s) +
(
B1(s) +B2(s+ δ)1[t0,t−δ)(s) +

∫ t

s

B3(r)F̃ (r, s)dr
)
u(s) + b(s)

]
ds282

283

+

∫ t

t0

[
C1(s)x(s)+C2(s)y(s)+C3(s)z(s)+D1(s)u(s)+σ(s)

]
dW (s), t ∈ [t0, T ].(3.1)284

Next let us turn to the term of y(·). For t ∈ [t0 + δ, T ],285 ∫ t−δ

t0

B2(s)u(s− δ)ds1(t0+δ,∞)(t) =
[ ∫ t0+δ

t0

1[t0,t−δ)(s)B2(s)ς(s− δ − t0)ds

+

∫ t

t0

1[t0,t−2δ)(s)B2(s+ δ)u(s)ds
]
1(t0+δ,∞)(t).

As to the µ(·) term in y(·), for t ∈ [t0 + δ, T ], it follows from the Fubini theorem that286
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t0

B3(s)µ(s)ds =

∫ t−δ

t0

B3(s)

∫ s

t0

F̃ (s, r)u(r)drds

=

∫ t−δ

t0

B3(r)

∫ r

t0

F̃ (r, s)u(s)dsdr =

∫ t−δ

t0

∫ t−δ

s

B3(r)F̃ (r, s)dru(s)ds.

Hence for the pointwise state delay, we have287
288

y(t) = ξ(t− δ − t0)1[t0,t0+δ](t) + 1(t0+δ,∞)(t)
{
ξ(0) +

∫ (t0+δ)∧(t−δ)

t0

B2(s)ς(s− t0 − δ)ds
}

289

+

∫ t

t0

1[t0,t−δ)(s)
(
A1(s)x(s) +A2(s)y(s) +A3(s)z(s) +

[
B1(s) +B2(s+ δ)290

×1[t0,t−2δ)(s) +

∫ t−δ

s

B3(r)F̃ (r, s)dr
]
u(s) + b(s)

)
ds+

∫ t

t0

1[t0,t−δ)(s)291

×
[
C1(s)x(s) + C2(s)y(s) + C3(s)z(s) +D1(s)u(s) + σ(s)

]
dW (s), t ∈ [t0, T ].(3.2)292

Eventually, let us treat the term of z(·). For t ∈ [t0, T ],293
294

z(t) =

∫ t

t0

F (t, s)x(s)ds =

∫ t

t0

F (t, s)
[
ξ(0) +

∫ s

t0

(
A1(r)x(r) +A2(r)y(r) +A3(r)z(r)295

+B1(r)u(r) +B2(r)ν(r) +B3(r)µ(r) + b(r)
)
dr296

+

∫ s

t0

(
C1(r)x(r) + C2(r)y(r) + C3(r)z(r) +D1(r)u(r) + σ(r)

)
dW (r)

]
ds.(3.3)297

By Fubini theorem,298 ∫ t

t0

∫ s

t0

F (t, s)B2(r)ν(r)drds =

∫ t

t0

[ ∫ t

r

F (t, s)ds
]
B2(r)u(r − δ)dr.

Therefore, for t ∈ [t0, T ], we obtain that299
300 ∫ t

t0

∫ s

t0

F (t, s)B2(r)ν(r)drds =

∫ (t0+δ)∧t

t0

[ ∫ t

r

F (t, s)ds
]
B2(r)ς(r − δ − t0)dr301

+

∫ t−δ

t0∧(t−δ)

[ ∫ t

r+δ

F (t, s)ds
]
B2(r + δ)u(r)dr.(3.4)302

As to the µ(·) term in z(·), by the Fubini theorem again, for t ∈ [t0, T ],303304 ∫ t

t0

∫ s

t0

F (t, s)B3(r)µ(r)drds =

∫ t

t0

∫ s

t0

F (t, s)B3(r)
[ ∫ r

t0

F̃ (r, α)u(α)dα
]
drds305

=

∫ t

t0

∫ s

t0

∫ s

α

F (t,s)B3(r)F̃ (r,α)u(α)drdαds=

∫ t

t0

[∫ t

α

∫ s

α

F (t,s)B3(r)F̃ (r,α)drds
]
u(α)dα.(3.5)306

Hence, from (3.3)–(3.5) and by adding some indicative functions, we derive307308

z(t)=

∫ t

t0

F (t, s)
(
ξ(0)+

∫ t0+δ

t0

B2(r)ς(r−δ−t0)1[0,s)(r)dr
)
ds+

∫ t

t0

E(t, s)
[
A1(s)x(s)+A2(s)y(s)309

+A3(s)z(s)
]
ds+

∫ t

t0

[∫ t

s

F (t,r)
(
B1(s)+B2(s+δ)1[t0,r−δ)(s)+

∫ r

s

B3(θ)F̃ (θ,s)dθ
)
dr
]
u(s)ds310

+

∫ t

t0

E(t,s)b(s)ds+
∫ t

t0

E(t,s)
[
C1(s)x(s)+C2(s)y(s)+C3(s)z(s)+D1(s)u(s)+σ(s)

]
dW (s).(3.6)311

Here and next, for T ⩾ t > s ⩾ t0, we define E(·, ·) and312313

X(t) ≡

 x(t)
y(t)
z(t)

 , E(t, s) ≡
∫ t

s

F (t, r)dr1[0,t](s),(3.7)314

φ(t)≡


ξ(0) +

∫ t0+δ

t0
B2(s)ς(s− t0 − δ)1[t0,t)(s)ds

ξ(t−t0−δ)1[t0,t0+δ](t)+[ξ(0)+
∫ (t0+δ)∧(t−δ)
t0

B2(s)ς(s−t0−δ)ds]1(t0+δ,∞)(t)∫ t

t0
F (t, s)[ξ(0) +

∫ t0+δ

t0
B2(r)ς(r − t0 − δ)1[t0,s)(r)dr]ds

 ,

A(t, s) ≡

 A1(s) A2(s) A3(s)
1(δ,∞)(t− s)A1(s) 1(δ,∞)(t− s)A2(s) 1(δ,∞)(t− s)A3(s)

E(t, s)A1(s) E(t, s)A2(s) E(t, s)A3(s)

 ,
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B(t, s) ≡

 B1(s) +B2(s+ δ)1(δ,∞)(t− s) +
∫ t

s
B3(r)F̃ (r, s)dr

1(δ,∞)(t− s)[B1(s) +B2(s+ δ)1(2δ,∞)(t− s) +
∫ t−δ

s
B3(r)F̃ (r, s)dr]

E(t, s)B1(s) + E(t, s+ δ)B2(s+ δ) +
∫ t

s
E(t, θ)B3(θ)F̃ (θ, s)dθ

 ,

C(t, s) ≡

 C1(s) C2(s) C3(s)
1(δ,∞)(t− s)C1(s) 1(δ,∞)(t− s)C2(s) 1(δ,∞)(t− s)C3(s)

E(t, s)C1(s) E(t, s)C2(s) E(t, s)C3(s)

 ,

D(t, s) ≡

 D1(s)
1(δ,∞)(t−s)D1(s)

E(t, s)D1(s)

, b̃(t, s)≡
 b(s)
1(δ,∞)(t−s)b(s)

E(t, s)b(s)

, σ̃(t, s)≡
 σ(s)
1(δ,∞)(t−s)σ(s)

E(t, s)σ(s)

 .

Based on (3.1), (3.2) and (3.6), X(·) satisfies the following SVIE:315
316

X(t) = φ(t) +

∫ t

t0

[
A(t, s)X(s) +B(t, s)u(s) + b̃(t, s)

]
ds317

+

∫ t

t0

[
C(t, s)X(s) +D(t, s)u(s) + σ̃(t, s)

]
dW (s), t ∈ (t0, T ).(3.8)318

Denote319

Q(t) ≡

 Q1(t) 0 0
0 Q2(t) 0
0 0 Q3(t)

 , R(t) ≡ R1(t) +R2(t+ δ)1[0,T−δ)(t).

Then, the cost functional (1.2) becomes320
321

J(t0, ξ(·), ς(·);u(·)) = E
∫ T

t0

[
X(t)⊤Q(t)X(t) + u(t)⊤R(t)u(t)

]
dt322323

+E
∫ (t0+δ)∧T

t0

ς(t− t0 − δ)⊤R2(t)ς(t− t0 − δ)dt.(3.9)324

To sum up, we have the following result with proof in the Appendix.325

Proposition 3.1. Let Assumption (A1) hold. Then u∗(·) is an optimal control326

of Problem (P) if and only if u∗(·) minimizes (3.9) subject to SVIE (3.8).327

Remark 3.2. The idea of transforming the delayed system into another one with-328

out delay is popular in the existing literature.329

For example, in [12, 13, 26, 27], they transformed the original delayed systems330

into infinite-dimensional evolution control systems without delay. However, in some331

cases they had to treat the unbounded control operator which would bring essential332

difficulties. More importantly, it seems quite complex to transform the obtained333

operator-valued Riccati equation into the (finite dimensional) matrix-valued case.334

In contrast, in the current paper we put (x(·), y(·), z(·)) together to construct a335

new state X(·) and then transform the original system equivalently to a controlled336

SVIE. Similar procedure also appeared in [25]. On the one hand, this helps us to337

utilize the developed LQ theory for SVIEs in [17]. On the other hand, the advantage338

lies in that X(·) is still finite dimensional which helps us to bypass the complicated339

operator language.340

Another approach to addressing delayed problems is direct decoupling the for-341

ward delayed systems and the backward anticipated systems. However, this method342

requires the application of Itô formula for delayed processes, which constitutes the es-343

sential difficulty of delayed problems. In contrast, the method proposed in this paper344

does not need to tackle such a challenge.345

We point out that the transformation to Volterra systems also appeared in e.g.346

[18, 21] via the constant variation formula. Nevertheless, it is not clear whether such347

an approach still works when the diffusion term in (1.1) contains the pointwise state348

delay and distributed state delay.349
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3.2. The solvability of the new Riccati system. To study the closed-loop350

solvability of Problem (P), we introduce a new Riccati system based on the above351

transformation and the existing study in [17]. To this end, we need some preparations.352

Firstly, we denote by Π(0, T ) the set of pairs P =
(
P (1), P (2)

)
with P (1) : (0, T ) →353

R(3n)×(3n) and P (2) : 23 (t0, T ) → R(3n)×(3n) such that354

(i) P (1) ∈ L∞ (
0, T ;S3n

)
;355

(ii) for a.e. (s1, s2)∈(0, T )2, t 7→P (2)(s1, s2, t) is absolutely continuous on (0, s1∧s2);356

(iii) (s1,s2) 7→P (2)(s1,s2,s1∧s2)≡ lim
t↑(s1∧s2)

P (2)(s1,s2,t) belongs to L
2
(
(0, T )2;R(3n)×(3n)

)
;357

(iv) (s1,s2,t) 7→Ṗ (2)(s1,s2,t)≡∂P (2)

∂t (s1,s2,t) belongs to L2,2,1
(
23(0, T );R(3n)×(3n)

)
;358

(v) for a.e. (s1, s2, t) ∈ 23(0, T ), it holds that P
(2) (s1, s2, t) = P (2) (s2, s1, t)

⊤
.359

Secondly, for later notational usefulness, we define several coefficients as follows:360361

Π(s, t, θ) ≡

 1
s−tI

1
s−t1(δ,∞)(s− t)I I

1
s−t1(δ,∞)(s− t)I 1

s−t1(2δ,∞)(s− t)I 1(δ,∞)(s− θ)I
1

s−tE(s, t)
1

s−tE(s, t+ δ) E(s, θ)

 ,362

Υ(s, t) ≡ (I,1(δ,∞)(s− t)I, E(s, t)⊤)⊤, A(t)≡
(
A1(t), A2(t), A3(t)

)
,363

B(θ, t)≡(B1(t)
⊤, B2(t+δ)⊤, (B3(θ)F̃ (θ, t))⊤)⊤, C(t)≡

(
C1(t), C2(t), C3(t)

)
.(3.10)364

Given these coefficients, we introduce the following system:365
366

(3.11)



P (1)(t)=Q(t)+C(t)⊤G1(t)C(t)−C(t)⊤G1(t)D1(t)R(t)−1D1(t)
⊤G1(t)C(t),0<t<T,

P (2)(s, t, r)=P (2)(s, t, t ∧ s)−
∫ t∧s

r

∫ T

τ

∫ T

τ

G3(s, τ, θ1)B(θ1, τ)R(τ)−1B(θ2, τ)⊤

×G3(t, τ, θ2)
⊤dθ1dθ2dτ, 0<r <(s∧t)<T,

P (2)(s̄, t, t) = P (2)(t, s̄, t)⊤=G2(s̄, t)A(t)

−
∫ T

t

G3(s̄, t, θ)B(θ, t)R(t)−1D1(t)
⊤G1(t)C(t)dθ, 0<t<s̄<T,

367

where for 0 < t < (s ∧ s̄ ∧ θ) < T ,368

R(t) ≡ R1(t) +R2(t+ δ)1[0,T−δ)(t) +D1(t)
⊤G1(t)D1(t),

G1(t)≡G1

(
t;P (1),P (2)

)
≡
∫ T

t

Υ(s1, t)
⊤
[
P (1)(s1)Υ(s1,t)+

∫ T

t

P (2)(s1,s2,t)Υ(s2,t)ds2

]
ds1,

G2(s̄, t) ≡ G2

(
s̄, t;P (1), P (2)

)
≡ P (1)(s̄)Υ(s̄, t) +

∫ T

t

P (2)(s̄, r, t)Υ(r, t)dr,369

G3(s,t,θ)≡G3

(
s,t,θ;P (1), P (2)

)
≡P (1)(s)1(t,s)(θ)Π(s,t,θ)+

∫ T

θ

P (2)(s, r, t)Π(r, t, θ)dr.(3.12)370

In this paper, we name (3.11) the desired Riccati system, explicitly depending on Ai,371

Bi, Ci, D1, based on (at least) the following aspects. Firstly, it is consistent with372

the Riccati system for the stochastic Volterra system in [17]. Secondly, in particular373

cases we will show in Subsection 4.1, 4.2, 4.5 that it can reduce to the Riccati systems374

in the existing literature. Thirdly, just like the existing Riccati systems, we will375

use the above (3.11) to construct the closed-loop control as well. To guarantee its376

well-posedness, we need the following standard assumption.377

(A2) There exists a constant λ > 0 such that for all t ∈ (0, T ), R1(t) + R2(t +378

δ)1[0,T−δ)(t) ⩾ λI, Qi(t) ⩾ 0, i = 1, 2, 3.379

The following proposition gives its solvability.380
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Theorem 3.3. Let (A1)–(A2) hold. Then, the Riccati system (3.11) admits a381

unique solution (P (1), P (2)) ∈ Π(0, T ) such that R(·) ⩾ βI for some constant β > 0.382

Next we introduce the following backward system:383

(3.13)



dη(t,s)=−
{
G2(t,s)b(s)+Γ∗(t,s)⊤

[
D1(s)

⊤G1(s)σ(s)+

∫ T

s

[
D1(s)

⊤Υ(r, s)⊤ζ(r,s)

+
(∫ r

s

B(θ,s)⊤Π(r,s,θ)⊤dθ
)
η(r,s)

]
dr
]}
ds+ζ(t,s)dW (s), 0<s<t<T,

η(t,t)=
[
C(t)⊤+Ξ∗(t)⊤D1(t)

⊤]G1(t)σ(t)+

∫ T

t

{[(∫ r

t

Π(r, t, θ)B(θ, t)dθ
)

×Ξ∗(t)+Υ(r,t)A(t)
]⊤
η(r,t)+

[
C(t)+D1(t)Ξ

∗(t)
]⊤

Υ(r,t)⊤ζ(r,t)
}
dr, 0<t<T,

384

where Ξ∗(·), Γ∗(·, ·) are defined by385

Ξ∗(t)=−R(t)−1D1(t)
⊤G1(t)C(t), 0<t<T ,386

Γ∗(s,t)=−R(t)−1

∫ T

t

B(θ,t)⊤G3(s,t,θ)
⊤dθ, 0<t<s<T,(3.14)387

and Π(·, ·, ·), Υ(·, ·), R(·), G1(·), G3(·, ·, ·) are defined as (3.10), (3.12). In terms of [17],388

we name it the Type-II extended backward SVIE in our scenario. To study its well-389

posedness, we introduce the following space. Denote by L2
F,c(△2 (0, T ) ;R3n) the set390

of η ∈ L2
F
(
△2 (0, T ) ;R3n

)
such that s 7→ η(t, s) is uniformly continuous on (0, t)391

with the limits defined by η(t, t) ≡ lims↑t η(t, s) and η (t, 0) ≡ lims↓0 η(t, s) for a.e.392

t ∈ (0, T ), a.s., and η(·, ·) satisfies E(
∫ T

0
sup

s∈[0,t]

|η(t, s)|2 dt)
1
2 < ∞.393

Theorem 3.4. Let (A1)–(A2) hold. Then, the Type-II extended backward SVIE394

(3.13) admits a unique solution (η, ζ) ∈ L2
F,c(△2(0, T );R3n)× L2

F(△2(0, T );R3n).395

Remark 3.5. We discuss the solvability results of the above Riccati system.396

We firstly make comparisons with that in [27]. In terms of their framework, both397

the cost functional and the diffusion term can depend on the distributed control delay398

which is out of our scope. However, to derive the Riccati system they have to assume399

that C2, b, σ,R2, Q2 = 0. In addition, to obtain the solvability, they further require400

that D1 = 0 and all the coefficients are time-invariant or continuous. It is worth401

mentioning that these assumptions are not needed here. Moreover, the methodologies402

developed in both papers are essentially different.403

Next we turn to a particular case of the state equation (1.1) with A2, B2, C2,404

Q2, R2 = 0, and arrive at an LQ problem for a stochastic integro-differential system.405

Even though there are some positive results of the Riccati system (see [30, 31]) in406

deterministic scenario, the extension to the stochastic setting is still open. Here we407

fill this blank in a nice manner.408

At last we point out two interesting facts even when (1.1) reduces to the deter-409

ministic system. Firstly, in contrast with the relevant literature (e.g. [3, 12, 19, 26]),410

the corresponding Riccati systems and their solvability appear for the first time since411

both the pointwise delays and the distributed delays are allowed to appear simul-412

taneously in the cost functional. Secondly, when all the pointwise delayed terms413

disappear, the corresponding integro-differential system and cost functional can cover414

those in [30, 31], and thus the corresponding result in the above Theorem 3.3 is also415

new.416

3.3. The closed-loop solvability of Problem (P). In this part we will give417

an explicit form of the optimal closed-loop strategy and some sufficient conditions for418

the closed-loop solvability of Problem (P).419
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Given Π(·, ·, ·),Υ(·, ·),R(·),G1(·),G3(·, ·, ·) in (3.10) and (3.12), P = (P (1), P (2))420

and (η, ζ) being the solutions to (3.11) and (3.13), respectively, we make the following421

conventions. For i=1, 3, t0⩽ t⩽T , denote422
423

K∗
i (t) =−R(t)−1

{
K

(1)
i (t) +

∫ T

t

∫ T

t

B(θ, t)⊤G3(α, t, θ)
⊤K

(2)
i (α, t)dαdθ

}
,(3.15)424

while for i = 2, 4 and t0 ⩽ s < t ⩽ T ,425
426

K∗
i (t, s) =−R(t)−1

{
K

(1)
i (t, s) +

∫ T

t

∫ T

t

B(θ, t)⊤G3(α, t, θ)
⊤K

(2)
i (t, α, s)dαdθ

}
.(3.16)427

In addition, for t0 ⩽ t ⩽ T , let428
429

v∗(t)=−R(t)−1
{
v(1)(t) +

∫ T

t

∫ T

t

B(θ, t)⊤G3(α, t, θ)
⊤v(2)(t, α)dαdθ

}
.(3.17)430

In the above, each pair of (K
(1)
i ,K

(2)
i ) and (v(1), v(2)) have the following representations:431432

K
(1)
1 (t) = D1(t)

⊤G1(t)C1(t), K
(2)
1 (α, t) = Υ(α, t), K

(1)
3 (t) = D1(t)

⊤G1(t)C2(t),433

K
(2)
3 (α, t) = 0, K

(1)
2 (t, s) = D1(t)

⊤G1(t)C3(t)F (t, s) +
(∫ T

t

B(θ, t)⊤434

×G3(s+ δ, t, θ)⊤dθ
)
(0, I, 0)⊤1[t−δ,T−δ](s), K

(2)
2 (t, α, s) = (0, 0, I)⊤F (α, s),435

K
(1)
4 (t, s) = 0, K

(2)
4 (t, α, s) =

(
I,1(s+2δ,∞)(α)1(0,T−δ)(t)I,

∫ α

s+δ

F (α, θ′)⊤dθ′
)⊤

436

×1(s+δ,T )(α)B2(s+δ)1[t−δ,T−δ](s)+
(∫ α

t

F̃ (θ′, s)⊤B3(θ
′)⊤dθ′,

∫ α−δ

t

F̃ (θ′, s)⊤B3(θ
′)⊤dθ′,437 ∫ α

t

∫ β

t

F̃ (θ′, s)⊤B3(θ
′)⊤dθ′F (α,β)⊤dβ

)⊤
,(3.18)438

and439
440

v(1)(t)=D1(t)
⊤G1(t)σ(t)+

∫ T

t

D1(t)
⊤Υ(α,t)⊤ζ(α,t)dα+

∫ T

t

∫ T

θ

B(θ,t)⊤Π(α,t,θ)⊤η(α,t)dαdθ,441

v(2)(t, α)=(0, I, 0)⊤ξ(α− δ − t0)1[t0,t0+δ](α)+

∫ t0

t−δ

1(θ′+δ,∞)(α)
(
I,1(θ′+2δ,∞)(α)442

×1(0,T−δ)(t)I,

∫ α

θ′+δ

F (α, β)⊤dβ
)⊤

B2(θ
′ + δ)ς(θ′ − t0)dθ

′1[t0,t0+δ](t).(3.19)443

At this moment, we present the main result of the current section.444

Theorem 3.6. Let (A1)–(A2) hold and t0 ∈ [0, T ) be given. Then, the five-tuple445

(K∗
1 (·),K∗

2 (·, ·),K∗
3 (·), K∗

4 (·, ·), v∗(·)) given by (3.15)–(3.19) is an optimal closed-loop446

strategy, and the following u∗(·) is the unique optimal closed-loop outcome control of447

Problem (P) on [t0, T ]:448449

u∗(t)=K∗
1(t)x

∗(t)+

∫ t

t0

K∗
2(t,s)x

∗(s)ds+K∗
3(t)x

∗(t−δ)+

∫ t

t0

K∗
4 (t,s)u

∗(s)ds+v∗(t).(3.20)450

By the above theorem and Theorem 5.4 in [17], we deduce the following result.451

Corollary 3.7. Let (A1)–(A2) hold and t0 ∈ [0, T ) be given. Then, the five-452

tuple (K∗
1 (·),K∗

2 (·, ·),K∗
3 (·), K∗

4 (·, ·), v∗(·)) with v(1)(·) = 0 is an optimal closed-loop453

strategy, and the above (3.20) is the unique optimal closed-loop outcome control of454

Problem (P0). In addition, the value function is given by455
456

V0(t0, ξ, ς) =

∫ T

t0

〈
P (1)(t)φ(t), φ(t)

〉
dt+

∫ T

t0

∫ T

t0

〈
P (2)(t1, t2, t0)φ(t2), φ(t1)

〉
dt1dt2,457

for any (t0, ξ, ς) ∈ [0, T )× C([−δ, 0];Rn)× L2(−δ, 0;Rm).458
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14 WEIJUN MENG, TIANXIAO WANG AND JI-FENG ZHANG

Remark 3.8. We see that Theorem 3.6 gives a sufficient condition of the closed-459

loop solvability in terms ofK∗
i (i=1,2,3,4) which are explicitly and clearly constructed.460

At this moment, we are not sure about its necessity. However, Lemma A.1 in the461

Appendix actually gives a new necessary condition in terms of the so-called causal462

feedback strategy developed in [17]. On the other hand, Theorem 3.6 is also true if463

the standard assumption (A2) is relaxed properly (see [27]). For simplicity we prefer464

not to pursue these generalities.465

Remark 3.9. To prove Theorem 3.6, we use the equivalence between the original466

problem (P) and the new control problem associated with the state equation (3.8)467

and the cost functional (3.9). Even though the dimension of (3.8) and (3.9) is higher468

than that of the original one, it is still finite dimensional and is essentially different469

from infinite-dimensional evolution control system method. For this new problem,470

we borrow some new matrix products notations exemplified by (A.4)–(A.6) from [17].471

Then we introduce some computational techniques to convert them into the traditional472

matrix products, and derive the optimal closed-loop strategy as in Theorem 3.6.473

Remark 3.10. There have been lots of works on closed-loop outcome controls of474

delayed control systems. However, they either contain only state delays [11,20,23,24],475

or only control delays [19,23,33,37], or work in deterministic systems [19,21], or have476

time-invariant coefficients [19,21,23,27,33,37], or have no delay in the cost functional477

[3, 12, 13, 19, 34], or have no solvability of the associated Riccati systems [19, 21, 23,478

24,33,37]. In this sense, Theorem 3.6 gives a unified treatment of the existing papers479

with distinctive methods. Moreover, the closed-loop outcome control is explicitly480

constructed without any continuity or even differentiability assumptions, and does not481

rely on the future state and avoids complex tools of conditional expectations [34,37].482

4. Important cases. In this section, we discuss five special yet important sto-483

chastic control systems and make relevant comparisons with the existing literature.484

4.1. Case I: Stochastic control systems with control delays only. Con-485

sider the state equation486
487

(4.1)


dx(t) =

[
A1(t)x(t) +B1(t)u(t) +B2(t)ν(t) +B3(t)µ(t)

]
dt

+
[
C1(t)x(t) +D1(t)u(t)

]
dW (t), t ∈ [t0, T ],

x(t0) =ξ0, u(t) = 0, t ∈ [t0 − δ, t0],

488

along with the cost functional489

J(t0, ξ0;u(·)) = E
∫ T

t0

[
x(t)⊤Q1(t)x(t) + u(t)⊤R1(t)u(t)

]
dt.

Also for θ, α ∈ [−δ, 0] and t, θ′, r ∈ [t0, T ] such that t ⩽ (θ′ ∧ r), we define490
491

P1(t, θ
′, r) ≡

(
I, 0, 0

)( ∫ T

θ′∨r

P (1)(s)ds+

∫ T

r

∫ T

θ′
P (2)(s, α, t)dαds

)(
I, 0, 0

)⊤
,492

S0(t) ≡ P1(t, t, t),(4.2)493

S1(t, θ) ≡ B2(t+δ+θ)⊤P1(t, t, t+δ+θ) +

∫ T

t

F̃ (θ′, t+θ)⊤B3(θ
′)⊤P1(t, θ

′, t)⊤dθ′,(4.3)494

S2(t, θ, α) ≡ B2(t+δ+θ)⊤
[
P1(t, t+δ+θ, t+δ+α)⊤B2(t+δ+α)+

∫ T

t

P1(t,θ
′, t+δ+θ)495

×B3(θ
′)F̃ (θ′, t+α)dθ′

]
+

∫ T

t

F̃ (θ′, t+θ)⊤B3(θ
′)⊤

[
P1(t, θ

′, t+δ+α)⊤B2(t+δ+α)496

+

∫ T

t

P1(t,θ
′,β)⊤B3(β)F̃ (β, t+α)dβ

]
dθ′.(4.4)497

In this part, we will show that for a.e. t ∈ [t0, T ], θ ∈ [−δ, 0], S0(·) and S1(·, ·) satisfy498
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499

(4.5)


d

dt
S0(t)+A1(t)

⊤S0(t)+S0(t)A1(t)+Q1(t)+C1(t)
⊤S0(t)C1(t)−

[
B1(t)

⊤S0(t)

+S1(t,0)+D1(t)
⊤S0(t)C1(t)

]⊤R(t)−1
[
B1(t)

⊤S0(t)+S1(t,0)+D1(t)
⊤S0(t)C1(t)

]
=0,

S0(T ) = 0,

500

(4.6)


( ∂

∂t
− ∂

∂θ

)
S1(t,θ)+F̃ (t,t+θ)⊤B3(t)

⊤S0(t)+S1(t,θ)A1(t)−
[
S1(t,θ)B1(t)

+S2(t,θ,0)
]
R(t)−1

[
B1(t)

⊤S0(t)+S1(t,0)+D1(t)
⊤S0(t)C1(t)

]
=0,

S1(T,θ) = 0, S1(t,−δ)=B2(t)
⊤S0(t)+

∫ T

t

F̃(θ′, t−δ)⊤B3(θ
′)⊤P1(t,θ

′, t)⊤dθ′.

501

Moreover, for a.e. t∈ [t0, T ], θ, α∈ [−δ, 0], S2(·, ·, ·) satisfies502
503

(4.7)



( ∂

∂t
− ∂

∂θ
− ∂

∂α

)
S2(t,θ,α)+F̃ (t,t+θ)⊤B3(t)

⊤S1(t, α)
⊤+S1(t,θ)B3(t)

⊤F̃ (t,t+α)

−
[
S1(t, θ)B1(t)+S2(t, θ, 0)

]
R(t)−1

[
B1(t)

⊤S1(t, α)
⊤+S2(t, 0, α)

]
=0,

S2(t,θ,−δ)=S1(t,θ)B2(t)+B2(t+δ+θ)⊤
∫ T

t

P1(t,α,t+δ+θ)B3(α)F̃ (α,t−δ)dα

+

∫ T

t

∫ T

t

F̃ (α, t+ θ)⊤B3(α)
⊤P1(t, α, β)

⊤B3(β)F̃ (β, t− δ)dβdα,

S2(t,−δ, θ) = S2(t, θ,−δ)⊤, S2(T, θ, α) = 0.

504

In addition, the optimal closed-loop outcome control (3.20) is represented as follows:505

(4.8)

u∗(t)=−R(t)−1
{[
B1(t)

⊤S0(t)+D1(t)
⊤S0(t)C1(t)+S1(t,0)

]
x∗(t)+

∫ (t+δ)∧T

t∨(t0+δ)[
B1(t)

⊤S1(t,r−δ −t)⊤+S2(t,0,r−δ−t)
]
u∗(r−δ)dr

}
+R(t)−1

(∫ (t+δ)∧T

t∨(t0+δ)

−
∫ t+δ

t0+δ

)
×
∫ T

t

{
B1(t)

⊤P1(t,t,θ
′)B2(t+δ)⊤P1(t, t+ δ,θ′)⊤+

∫ T

t

F̃ (θ,t)⊤

×B3(θ)
⊤P1(t,θ,θ

′)⊤dθ
}
B3(θ

′)F̃ (θ′,r−δ)u∗(r−δ)dθ′dr,

506

where R(t) = R1(t) +D1(t)
⊤S0(t)D1(t).507

We state the main result of this subsection as follows. For detailed information508

of its proof, we refer to the Arxiv version of this paper [28].509

Corollary 4.1. Let (A1)–(A2) hold and A2, A3, C2, C3, Q2, Q3, R2, b, σ = 0.510

Then, S0, S1 and S2, defined by (4.2)–(4.4), satisfy the coupled Riccati equations511

(4.5)–(4.7), and the process in (4.8) is the optimal closed-loop outcome control.512

Remark 4.2. When Problem (P) contains only control delays, we obtain the op-513

timal closed-loop outcome control (4.8) by (4.5)–(4.7). If the diffusion term disap-514

pears in (4.1), then (4.5)–(4.7) essentially reduce to (2.33)–(2.38) in [19]. Compared515

with [19,23,33,37], we successfully obtain the solvability of the Riccati systems.516

4.2. Case II: Stochastic control systems with state delays only. Consider517

the state equation518 {
dx(t)=

[
A1x(t)+A2y(t)+B1u(t)

]
dt+

[
C1x(t)+C2y(t)+D1u(t)

]
dW (t), t∈ [t0, T ],

x(t) = ξ(t− t0), t ∈ [t0 − δ, t0],

along with the cost functional519
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J(t0, ξ(·);u(·)) =E
∫ T

t0

[
x(t)⊤Q1x(t) +u(t)⊤R1u(t)

]
dt.

Here the coefficients are time-invariant. For t0 ⩽ t ⩽ θ ⩽ T , we define520
521

P2(t) ≡
∫ T

t

(
I,1(δ,∞)(s− t)I, 0

)
P (1)(s)

(
I,1(δ,∞)(s− t)I, 0

)⊤
ds522

+

∫ T

t

∫ T

t

(
I,1(δ,∞)(s1 − t)I, 0

)
P (2)(s1, s2, t)

(
I,1(δ,∞)(s2−t)I, 0

)
ds1ds2,(4.9)523

P3(t,θ)≡
[(
I,1(δ,∞)(θ−t)I,0

)
P (1)(θ)⊤+

∫ T

t

(
I,1(δ,∞)(r−t)I,0

)
P (2)(θ,r,t)⊤dr

]
(0,I,0)⊤.(4.10)524

In this part, we will show that P2(·) and P3(·, ·) satisfy the following coupled Riccati525

equations. More precisely, for t ∈ (T − δ, T ], θ ∈ (t, T ], we have526
527

(4.11)



−Ṗ2(t) = P2(t)A1 +A⊤
1 P2(t) + C⊤

1 P2(t)C1 +Q1

−
(
B⊤

1P2(t)+D
⊤
1 P2(t)C1

)⊤(
R1+D

⊤
1 P2(t)D1

)−1(
B⊤

1P2(t)+D
⊤
1P2(t)C1

)
,

−∂P3(t, θ)

∂t
=A⊤

1P3(t,θ)−
(
B⊤

1P2(t)+D
⊤
1P2(t)C1

)⊤(
R1+D

⊤
1P2(t)D1

)−1
B⊤

1P3(t,θ),

P3(t,t)=P2(t)A2+C⊤
1P2(t)C2−

(
B⊤

1 P2(t)+D
⊤
1P2(t)C1

)⊤
×
(
R1+D⊤

1P2(t)D1

)−1
D⊤

1P2(t)C2,

P2(T ) = 0,

528

while for t ∈ [0, T − δ], θ ∈ (t, t+ δ],529
530

(4.12)



−Ṗ2(t)=P2(t)A1+A
⊤
1P2(t)+C

⊤
1P2(t)C1+C

⊤
2P2(t+δ)C2+Q1+P3(t, t+δ)

+P3(t,t+δ)⊤−
(
B⊤

1P2(t)+D
⊤
1P2(t)C1

)⊤(
R1+D

⊤
1P2(t)D1

)−1(
B⊤

1P2(t)

+D⊤
1P2(t)C1

)
−
(
D⊤

1P2(t+δ)C2

)⊤(
R1+D

⊤
1 P2(t)D1

)−1
D⊤

1P2(t+δ)C2,

−∂P3(t, θ)

∂t
=A⊤

1P3(t, θ)−
(
B⊤

1P2(t)+D
⊤
1P2(t)C1

)⊤(
R1+D

⊤
1P2(t)D1

)−1

×B⊤
1P3(t, θ)+P3(θ, t+δ)⊤A2−

(
B⊤

1 P3(θ, t+δ)
)⊤(

R1+D
⊤
1P2(t)D1

)−1

×D1P2(t)C2−
∫ θ

t

(
B⊤

1P3(s, t+δ)
)⊤(

R1+D
⊤
1P2(t)D1

)−1
B⊤

1P3(s, θ)ds,

P3(t, t) = P2(t)A2+C⊤
1 P2(t)C2−

(
B⊤

1 P2(t)+D⊤
1 P2(t)C1

)⊤
×
(
R1+D⊤

1 P2(t)D1

)−1
D⊤

1 P2(t)C2.

531

We state the main result of this subsection as follows. For detailed information of its532

proof, please refer to the Arxiv version of this paper [28].533

Corollary 4.3. Let (A1)–(A2) hold with A3, B2, B3, C3, Q2, Q3, R2, b, σ = 0.534

Then, P2(·) and P3(·, ·), defined by (4.9)–(4.10), satisfy the coupled Riccati equations535

(4.11)–(4.12). In this case, the following process is optimal:536
537

u∗(t)=−
(
R1+D

⊤
1P2(t)D1

)−1
{(
B⊤

1P2(t)+D
⊤
1P2(t)C1

)
x∗(t)+

∫ (t+δ)∧T

t∨(t0+δ)

B⊤
1P3(t,s)538

×x∗(s−δ)ds+D⊤
1P2(t)C2x

∗(t−δ)+

∫ T∧(t0+δ)

t

B⊤
1P3(t, s)ξ(s−t0−δ)ds

}
.(4.13)539

Remark 4.4. When Problem (P) contains only state delays, (4.11)–(4.12) are the540

same as (3)–(12) in [23], the optimal closed-loop outcome control (4.13) coincides541

with (13) in [23], and Corollary 4.3 is similar to Theorem 1 in [23]. Compared with542

[21, 23, 24], we give the solvability of the Riccati system. References [12, 13] focus on543

deterministic systems involving both pointwise delay and distributed delay of state.544

They not only derive the corresponding optimal control results but also establish the545

solvability of the Riccati equations. In contrast, the solvability conclusion proposed546

in this paper only requires the coefficients to be integrable, without the need for547

differentiability, thus relaxing the constraints imposed by [12,13].548
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4.3. Case III: Stochastic control systems with pointwise delays only.549

Consider the state equation550 
dx(t) =

[
A1(t)x(t) +A2(t)y(t) +B1(t)u(t) +B2(t)ν(t)

]
dt

+
[
C1(t)x(t) + C2(t)y(t) +D1(t)u(t)

]
dW (t), t ∈ (t0, T ),

x(t) = ξ(t− t0), u(t) = ς(t− t0), t ∈ [t0 − δ, t0],

along with the cost functional551

J(t0,ξ,ς;u)=E
∫ T

t0

[
x(t)⊤Q1(t)x(t)+y(t)⊤Q2(t)y(t)+u(t)

⊤R1(t)u(t)+ν(t)
⊤R2(t)ν(t)

]
dt.

For 0 < t < (s ∧ s̄) < T , we define G1(·), G2(·, ·) as in (3.12), and552553

Q(t)=

[
Q1(t) 0
0 Q2(t)

]
, C(t)=

(
C1(t),C2(t)

)
, A(t)=

(
A1(t),A2(t)

)
, B(t)=

[
B1(t)

B2(t+ δ)

]
,554

Υ(s, t) =

[
I

1(δ,∞)(s− t)I

]
, R(t) = R1(t) +R2(t+ δ)1[0,T−δ)(t) +D1(t)

⊤G1(t)D1(t),555
556

G3(s, t) = P (1)(s)
(
Υ(s, t),1(δ,∞)(s− t)Υ(s, t+ δ)

)
557

+

∫ T

t

P (2)(s, r, t)
(
Υ(r, t),1(δ,∞)(r − t)Υ(r, t+ δ)

)
dr.(4.14)558

We consider the Riccati system (3.11), where P (2)(·, ·, ·) satisfies559 
P (2)(s, t, r) = P (2)(s, t, t ∧ s)−

∫ t∧s

r

G3(s, τ)B(τ)

×R(τ)−1B(τ)⊤G3(t,τ)
⊤dτ, 0<r<(s∧t)<T,

P (2)(s̄, t, t) = P (2)(t, s̄, t)⊤

=G2(s̄,t)A(t)−G3(s̄,t)B(t)R(t)−1D1(t)
⊤G1(t)C(t), 0<t<s̄<T.

With notations in (4.14), we consider the closed-loop strategy560
561

K∗
i (t) =−R(t)−1

{
K

(1)
i (t) + B(t)⊤

∫ T

t

G3(α, t)
⊤K

(2)
i (α, t)dα

}
, i = 1, 3,562

K∗
i (t, s) =−R(t)−1

{
K

(1)
i (t, s)+B(t)⊤

∫ T

t

G3(α, t)
⊤K

(2)
i (t, α, s)dα

}
, i = 2, 4,563

v∗(t)=−R(t)−1
{
v(1)(t) + B(t)⊤

∫ T

t

G3(α, t)
⊤v(2)(t, α)dα

}
,(4.15)564

where t0⩽s<t⩽T , and K
(1)
1 ,K

(2)
1 ,K

(1)
3 ,K

(2)
3 ,K

(1)
4 have the same forms as in (3.18), and565

K
(1)
2 (t, s) = B(t)⊤G3(s+ δ, t)⊤(0, I)⊤1[t−δ,T−δ](s), K

(2)
2 (t, α, s) = 0,

K
(2)
4 (t, α, s) =

(
I,1(s+2δ,∞)(α)1(0,T−δ)(t)I

)⊤
1(s+δ,T )(α)B2(s+ δ)1[t−δ,T−δ](s),

v(1)(t) = 0, v(2)(t, α) =(0, I)⊤ξ(α− δ − t0)1[t0,t0+δ](α) +

∫ t0

t−δ

1(θ′+δ,∞)(α)

×
(
I,1(θ′+2δ,∞)(α)1(0,T−δ)(t)I

)⊤
B2(θ

′ + δ)ς(θ′ − t0)dθ
′1[t0,t0+δ](t).

As a result of Theorem 3.6, we derive the following result.566

Corollary 4.5. Let (A1)–(A2) hold with A3, B3, C3, Q3, b, σ = 0. Then, all the567

strategies in (4.15) and the process u∗(·) in the same form of (3.20) are optimal.568

Remark 4.6. We make some comparisons with the existing literature. Firstly,569

in contrast to [23, 27], our coefficients are allowed to be time-varying and the cost570

functional depends on both the pointwise state delay and pointwise control delay.571

Secondly, even when these features disappear, our framework is still general than that572

in [23] (except the disappearance of pointwise control delay in the diffusion term),573

and the solvability issue of the Riccati system is answered. In addition, [27] requires574

This manuscript is for review purposes only.



18 WEIJUN MENG, TIANXIAO WANG AND JI-FENG ZHANG

the diffusion term to be independent of the pointwise state delay and control delay,575

while we drop this assumption here. Thirdly, even though the coefficients in [11] are576

time-varying, both their state equations and cost functional are still particular cases577

of ours. Eventually, even for deterministic systems, our coefficients are allowed to be578

integrable, but not necessarily differentiable as in [12].579

4.4. Case IV: Stochastic control systems with distributed delays only.580

Consider the state equation581 
dx(t) = [A1(t)x(t) +A3(t)z(t) +B1(t)u(t) +B3(t)µ(t)]dt

+[C1(t)x(t) + C3(t)z(t) +D1(t)u(t)]dW (t), t ∈ (t0, T ),

x(t) = ξ(t− t0), u(t) = ς(t− t0), t ∈ [t0 − δ, t0],
along with the cost functional582

J(t0, ξ(·), ς(·);u(·)) =E
∫ T

t0

[
x(t)⊤Q1(t)x(t) +z(t)⊤Q3(t)z(t) + u(t)⊤R1(t)u(t)

]
dt.

In this case, we consider the Riccati system (3.11), where for 0 < t < (s∧ s̄∧ θ) < T ,583584

Q(t)=

[
Q1(t) 0
0 Q3(t)

]
, C(t)=

(
C1(t),C3(t)

)
, A(t)=

(
A1(t),A3(t)

)
, B(θ, t)=

[
B1(t)

B3(θ)F̃ (θ, t)

]
,585

Υ(s,t)=

[
I

E(s, t)

]
,R(t)=R1(t)+D1(t)

⊤G1(t)D1(t),Π(s,t,θ)=

[ 1
s−tI I

1
s−tE(s, t) E(s, θ)

]
,(4.16)586

and G1(·), G2(·, ·), G3(·, ·, ·) are defined in (3.12). With the notations in (4.16), we587

consider the closed-loop strategy (3.15)–(3.19), where K
(1)
1 ,K

(2)
1 ,K

(2)
3 ,K

(1)
4 have the588

same forms as in (3.18), v(1), v(2) = 0, and589
590

K
(1)
3 (t) = 0, K

(1)
2 (t, s) = D1(t)

⊤G1(t)C3(t)F (t, s), K
(2)
2 (t, α, s) = (0, I)⊤F (α, s),591

K
(2)
4 (t,α,s)=

( ∫ α

t

F̃ (θ′,s)⊤B3(θ
′)⊤dθ′,

∫ α

t

∫ β

t

F̃ (θ′,s)⊤B3(θ
′)⊤dθ′F (α,β)⊤dβ

)⊤
.(4.17)592

Then, as a result of Theorem 3.6, we derive the following result.593

Corollary 4.7. Let (A1)–(A2) hold and A2, B2, C2, Q2, R2, b, σ = 0. Then, the594

closed-loop strategies (3.15)–(3.16) with (4.17) and the following process are optimal:595596

(4.18) u∗(t) = K∗
1 (t)x

∗(t) +

∫ t

t0

K∗
2 (t, s)x

∗(s)ds+

∫ t

t0

K∗
4 (t, s)u

∗(s)ds, t ∈ [t0, T ].597

Remark 4.8. LQ problems for deterministic integro-differential equations were598

treated in [30], see also [16, Subsection 5.5]. Both of them derived the Riccati systems599

and the closed-loop optimal controls in the spirit of (4.18). However, they need600

A1, B3 ≡ 0, A3 ≡ 1, F (·, ·) is convolution form, Q3 ≡ 0, Q1, R1 are time-invariant.601

As to the case of stochastic integro-differential equations, let us point out the602

discussion in [16, Subsection 5.3] where the stochastic integro-differential equation is603

directly regarded as a special SVIE. However, there are no closed-loop controls in the604

spirit of (4.18) and the corresponding Riccati systems. To our best knowledge, the605

above Corollary 4.7 appears for the first time.606

4.5. Case V: Stochastic control systems without delay. In this subsection,607

we look at the SDEs case. On the one hand, given P = (P (1), P (2)), (η, ζ) satisfying608

the Riccati system (3.11) and the backward SVIE (3.13), respectively, we define609
610

P(t) = (I, 0, 0)
(∫ T

t

P (1)(s)ds+

∫ T

t

∫ T

t

P (2)(s1, s2, t)ds1ds2

)
(I, 0, 0)⊤, 0 < t < T,611

η̃(t) =

∫ T

t

(I, 0, 0)η(s, t)ds, ζ̃(t) =

∫ T

t

(I, 0, 0)ζ(s, t)ds, 0 < t < T.(4.19)612
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On the other hand, we consider613
614

(4.20)

Ṗ(t) + P(t)A1(t) +A1(t)
⊤P(t) + C1(t)

⊤P(t)C1(t) +Q1(t)− (P(t)B1(t)
+C1(t)

⊤P(t)D1(t))R(t)−1
(
B1(t)

⊤P(t)+D1(t)
⊤P(t)C1(t)

)
=0, 0<t<T,

P(T ) = 0,
615

where R(·) = R1(·)+D1(·)⊤P(·)D1(·). And consider the following backward stochas-616

tic differential equation:617
618

(4.21)



dη̃(t) = −
{[
A⊤

1 (t)−
(
P(t)B1(t) + C⊤

1 (t)P(t)D1(t)
)
R(t)−1B⊤

1 (t)
]
η̃(t)

+
[
C⊤

1 (t)−
(
P(t)B1(t) + C⊤

1 (t)P(t)D1(t)
)
R(t)−1D⊤

1 (t)
]
ζ̃(t)

+
[
C⊤

1 (t)−
(
P(t)B1(t) + C⊤

1 (t)P(t)D1(t)
)
R(t)−1D⊤

1 (t)
]
P(t)σ(t)

+ P(t)b(t)
}
dt+ ζ̃(t)dW (t), 0 < t < T,

η̃(T ) = 0.

619

Then, we have the following result.620

Corollary 4.9. Let (A1)-(A2) hold such that A2, A3, B2, B3, C2, C3, Q2, Q3,621

R2 = 0. Then, P(·) and (η̃(·), ζ̃(·)), defined by (4.19), are the unique solutions to622

(4.20) and (4.21), respectively. In addition, the five-tuple (K∗
1 (·), 0, 0, 0, v∗(·)) is the623

optimal closed-loop strategy of Problem (P), where624

K∗
1 (t) = −R(t)−1

(
B1(t)

⊤P(t) +D1(t)
⊤P(t)C1(t)

)
, t ∈ [t0, T ],

v∗(t) = −R(t)−1
(
B⊤

1 (t)η̃(t) +D⊤
1 (t)ζ̃(t) +D⊤

1 (t)P(t)σ(t)
)
, t ∈ [t0, T ].

Remark 4.10. When delays appear in Problem (P), the optimal closed-loop strat-625

egy (K∗
1 (·), v∗(·)), the equation (4.20) and the equation (4.21) reduce to that in [32].626

5. Concluding remarks. In this paper we study a general stochastic LQ op-627

timal control problem, where the coefficients are time-varying, and both state delay628

and control delay can appear in the state equation and the cost functional. We put629

the original state process and its delay processes together for dimension expansion,630

and use the Volterra integral system without delay to describe the new process, then631

transform the original delayed problem into the control problem without delay. Based632

on the equivalent problem, we propose the closed-loop solvability of the delayed prob-633

lem, and assure it by the solvability of the Riccati system and the extended backward634

SVIEs. Furthermore, we derive the optimal closed-loop outcome control and obtain635

the solvability of the associated Riccati system. Finally, we study several stochastic636

systems and find that our results are consistent with those in the existing literature.637
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state delay or input delay. Systems & Control Lett., 113:86–92, 2018.687

[24] A. Lindquist. Optimal control of linear stochastic systems with applications to time lag systems.688
Inform. Sciences, 5:81–126, 1973.689

[25] W. Meng, J. Shi, T. Wang, and J. Zhang. A general maximum principle for optimal control of690
stochastic differential delay systems. SIAM J. Control Optim., 63(1):175–205, 2025.691

[26] W. Meng, J. Shi, and J. Yong. Time-Delayed Linear Quadratic Optimal Control Problems.692
SpringerBriefs on PDEs and Data Science, Singapore, 2025.693

[27] W. Meng, J. Shi, J. Zhang, and Y. Zhao. Necessary and sufficient conditions of open-loop694
and closed-loop solvability for delayed stochastic LQ optimal control problems. SIAM J.695
Control Optim., 63(3):1736–1767, 2025.696

[28] W. Meng, T. Wang, and J. Zhang. Closed-loop solvability of delayed control problems: A697
stochastic Volterra system approach. arXiv:2510.02674v2, 2026.698

[29] S. E. A. Mohammed. Stochastic Functional Differential Equations. Pitman, 1984.699
[30] L. Pandolfi. The quadratic regulator problem and the Riccati equation for a process gov-700

erned by a linear Volterra integro-differential equations. IEEE Trans. Automat. Control,701
63:1517–1522, 2018.702

[31] L. Pandolfi. The quadratic tracking problem for systems with persistent memory in Rd. Evol.703
Equ. Control Theory, 14:185–209, 2025.704

[32] J. Sun and J. Yong. Stochastic Linear-Quadratic Optimal Control Theory: Open-Loop and705
Closed-Loop Solutions. Springer Briefs in Mathematics, Springer, Cham, 2020.706

[33] H. Wang and H. Zhang. LQ control for Itô-type stochastic systems with input delays. Auto-707
matica, 49:3538–3549, 2013.708

[34] J. Xu, J. Shi, and H. Zhang. A leader-follower stochastic linear quadratic differential game709
with time delay. Sci. China Inf. Sci., 61, 2018.710

[35] Y. You. Retarded control problems of distributed parameter systems. Acta Math. Appl. Sin.,711
6(3):347–356, 1983.712

This manuscript is for review purposes only.



CLOSED-LOOP SOLVABILITY OF DELAYED CONTROL PROBLEMS 21

[36] F. Zhang. Stochastic maximum principle for optimal control problems involving delayed sys-713
tems. Sci. China Inf. Sci., 64, 2021.714
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Appendix.

The proof of Proposition 2.2:720

Proof. Without loss of generality, assume that T = t0+nδ with an integer n. Let721

X(·)≡(x(·)⊤, z(·)⊤, u(·)⊤)⊤. From the first equation in the closed-loop system (2.2),722

we obtain the integral form for x(·). Similar to the processing of (3.6), we derive the723

expression for z(·). Therefore,724725

(A.1) X(t) = φ(t) +

∫ t

t0

A(t, s)X(s)ds+

∫ t

t0

C(t, s)X(s)dW (s), t ∈ (t0, t0 + δ),726

where727

A(t, s)≡

 A1(s) A3(s) A13(t, s)
E(t, s)A1(s) E(t, s)A3(s) A23(t, s)

K1(t)A1(s)+K2(t, s) K1(t)A3(s) A33(t, s)

 ,
728

E(t, s)≡
∫ t

s

F (t, r)dr1(s,T )(t), A13(t, s)≡B1(s)+B2(s+δ)1[t0,t−δ)(s)+

∫ t

s

B3(r)F̃ (r, s)dr,729

A23(t, s)≡
∫ t

s

F (t, r)(B1(s)+B2(s+ δ)1[0,r−δ)(s)+

∫ r

s

B3(θ)F̃ (θ, s)dθ)dr,730

A33(t, s)≡K1(t)(B1(s)+B2(s+δ)1[t0,t−δ)(s)+

∫ t

s

B3(r)F̃ (r, s)dr)+K4(t, s),731

C(t, s) ≡

 C1(s) C3(s) D1(s)
E(t, s)C1(s) E(t, s)C3(s) E(t, s)D1(s)
K1(t)C1(s) K1(t)C3(s) K1(t)D1(s)

 ,

and732

φ(t)≡



ξ(0) +

∫ t

t0

(
A2(s)ξ(s− δ − t0) +B2(s)ς(s− δ − t0) + b(s)

)
ds

+

∫ t

t0

(
C2(s)ξ(s− t0 − δ) + σ(s)

)
dW (s)∫ t

t0

F (t, s)
(
ξ(0) +

∫ s

t0

B2(r)ς(r − δ − t0)dr
)
ds

+

∫ t

t0

E(t,s)(A2(s)ξ(s−δ−t0)+b(s))ds+

∫ t

t0

E(t,s)(C2(s)ξ(s−δ−t0)+σ(s))dW (s)

K1(t)ξ(0) +K1(t)

∫ t

t0

(
A2(s)ξ(s− δ − t0) +B2(s)ς(s− δ − t0) + b(s))ds

+K1(t)

∫ t

t0

(
C2(s)ξ(s− t0 − δ) + σ(s)

)
dW (s) +K3(t)ξ(t− δ − t0) + v(t)



.

Notice that K1(·) ∈ L2(t0, T ;Rm×n) and σ(·) ∈ L2
F(0, T ;Rn). Then, we obtain733

E
∫ T

t0

|K1(t)

∫ t

t0

σ(s)dW (s)|2dt ⩽
∫ T

t0

|K1(t)|2dtE
∫ T

t0

|σ(s)|2ds < ∞.

In addition, by (A1), the Holder inequality and (K1(·),K2(·, ·),K3(·),K4(·, ·), v(·)) ∈734

L, we obtain φ(·) ∈ L2
F(t0, T ;R2n+m), A(·, ·) ∈ L2(∆2(t0, T );R(2n+m)×(2n+m)), C(·, ·)735

∈ L 2(△2(t0, T );R(2n+m)×(2n+m)). Thus, by the solvability of SVIEs (or Proposition736
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2.2 in the Arxiv version of this paper [28]), (A.1) admits a unique solution X(·) ∈737

L2
F(t0, t0+δ;R2n+m), which implies that x(·) ∈ L2

F(t0, t0+δ;Rn) and u(·) ∈ L2
F(t0, t0+738

δ;Rm). Furthermore, by the definition of the solution of the first equation in (2.2),739

x(·) ∈ L2
F(Ω;C([t0, t0 + δ];Rn)), which implies the existence of the solution to (2.2).740

As for the uniqueness, since (A.1) and (2.2) are equivalent, it can be obtained from741

the uniqueness of the solution to (A.1). Hence, the closed-loop system (2.2) admits a742

unique solution on [t0, t0 + δ]. Then, the same steps are repeated on [t0 + δ, t0 + 2δ],743

[t0 + 2δ, t0 + 3δ] and so on. The terminal time T is finite. Thus, (2.2) admits a744

unique solution on [t0, T ]. Regarding the estimate (2.3), the detailed proof process is745

provided in the Arxiv version.746

The proof of Proposition 3.1:747

Proof. To show the equivalence, it is sufficient to prove that under (A1), the X(·)748

defined in (3.7) is the unique solution of SVIE (3.8). In terms of Proposition 2.1 and749

the solvability of SVIEs (or Proposition 2.2 in the Arxiv version of this paper [28]),750

we only need to prove the following results:751

A(·, ·)∈L2(∆2(0, T );R(3n)×(3n)), B(·, ·)∈L2(∆2(0, T );R(3n)×m), R(·)∈L∞(0,T ;Sm) ,

C(·, ·) ∈ L 2(△2(0, T );R(3n)×(3n)), D(·, ·) ∈ L 2(△2(0, T );R(3n)×m),

Q(·)∈L∞(
0,T ;S3n

)
, b̃(·,·)∈L2,1

F
(
△2(0,T );R3n

)
, σ̃(·, ·)∈L2

F
(
△2(0,T );R3n

)
.

Notice that752 ∫ T

0

∫ t

0

|E(t, s)A1(s)|2dsdt ⩽
∫ T

0

|A1(s)|2ds
∫ T

0

(∫ t

0

|F (t, r)|dr
)2

dt.

Then, by A1(·)∈L2(0, T ;Rn×n) and F (·, ·)∈L∞(∆2(0, T );Rn×n), we have E(·, ·)A1(·)753

∈L2(∆2(0, T );Rn×n). In terms of Assumption (A1), A(·, ·)∈L2(∆2(0, T );R(3n)×(3n)).754

Using the Holder inequality and Assumption (A1), we can prove the integrability of755

B(·, ·), C(·, ·), D(·, ·), Q(·), R(·), b̃(·, ·) and σ̃(·, ·), thus the proof is completed.756

The proof of Theorem 3.3:757

Proof. Inspired by [17], let us introduce the following Riccati system:758
759

(A.2)



P (1)(t) = Q(t)+(C⊤⋉P⋊C)(t)−(C⊤⋉P⋊D)(t)

×(R(t) +(D⊤⋉P⋊D)(t))−1(D⊤⋉P⋊C)(t), 0<t<T,

P (2)(s, t, t) = P (2)(t, s, t)⊤ = (P⋊A)(s, t)

−(P⋊B)(s, t)(R(t) + (D⊤⋉P⋊D)(t))−1(D⊤⋉P⋊C)(t), 0<t<s<T,

Ṗ (2)(s1, s2, t) = (P⋊B)(s1, t)(R(t) + (D⊤⋉P⋊D)(t))−1

×(B⊤⋉P )(s2, t), 0 < t < (s1 ∧ s2) < T,

760

where for eachM1 : △2(0, T ) → Rd1×(3n), M2 : △2(0, T ) → R(3n)×d2 with any positive761

integars d1, d2,762
763

(M1 ⋉ P ) (s, t) ≡ M1(s, t)P
(1)(s) +

∫ T

t

M1(r, t)P
(2)(r, s, t)dr, 0<t<s<T,764

(P ⋊M2) (s, t) ≡ P (1)(s)M2(s, t) +

∫ T

t

P (2)(s, r, t)M2(r, t)dr, 0<t<s<T,(A.3)765

(M1⋉P⋊M2)(t) ≡
∫ T

t

M1(s1, t)
[
P (1)(s1)M2(s1, t)+

∫ T

t

P (2)(s1, s2, t)M2(s2, t) ds2

]
ds1.766

By Corollary 6.7 in [17], the equation (A.2) admits a unique solution (P (1), P (2)) ∈767

Π(0, T ) such that R+(D⊤⋉P⋊D) > βI for some constant β > 0. Next we will768

equivalently transform (A.2) into (3.11). To this end, we first show that769770

(C⊤⋉P⋊C)(t) = (C1(t), C2(t), C3(t))
⊤G1(t)(C1(t), C2(t), C3(t)),(A.4)771

(C⊤⋉P⋊D)(t) = (C1(t), C2(t), C3(t))
⊤G1(t)D1(t),(A.5)772
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(D⊤⋉P⋊D)(t)=D1(t)
⊤G1(t)D1(t), (D⊤⋉P⋊C)(t)=D1(t)

⊤G1(t)(C1(t),C2(t),C3(t)).(A.6)773

Notice that774
C(s, t) = Υ(s, t)(C1(t), C2(t), C3(t)),

(C⊤⋉P⋊C)(t)=

∫ T

t

C(s,t)⊤P (1)(s)C(s,t)ds+

∫ T

t

∫ T

t

C(s1,t)
⊤P (2)(s1,s2,t)C(s2,t)ds1ds2.

Then, (A.4) holds. Similarly, by D(s, t) = Υ(s, t)D1(t), we obtain (A.5)–(A.6).775

Next we treat the terms (P⋊A) and (P⋊B). From A(s, t)=Υ(s,t)(A1(t),A2(t),A3(t)),776

(P⋊A)(s,t)=
[
P (1)(s)Υ(s, t)+

∫ T

t

P (2)(s,r,t)Υ(r,t)dr
]
(A1(t),A2(t),A3(t)).

On the other hand, we observe that777

B(t, s) =

∫ t

s

Π(t, s, θ)(B1(s)
⊤, B2(s+ δ)⊤, (B3(θ)F̃ (θ, s))⊤)⊤dθ.

Then, we deduce778779

(P ⋊B)(s, t) =

∫ s

t

P (1)(s)Π(s, t, θ)(B1(t)
⊤, B2(t+ δ)⊤, (B3(θ)F̃ (θ, t))⊤)⊤dθ780

+

∫ T

t

∫ r

t

P (2)(s, r, t)Π(r, t, θ)(B1(t)
⊤, B2(t+ δ)⊤, (B3(θ)F̃ (θ, t))⊤)⊤dθdr.(A.7)781

Hence, after some direct calculations, together with (A.4)–(A.7), we see that (A.2)782

can be written as (3.11), which completes the proof of Theorem 3.3.783

The proof of Theorem 3.4:784

Proof. Introduce the following Type-II extended backward SVIE:785
786

(A.8)



dη(t, s)=−
{
(P ⋊ b̃)(t,s)+Γ∗(t,s)⊤(D⊤⋉P⋊σ̃)(s)+ Γ∗(t, s)⊤

∫ T

s

[
B(r, s)⊤

×η(r, s) +D(r, s)⊤ζ(r, s)
]
dr
}
ds+ ζ(t, s)dW (s), 0 < s < t < T,

η(t, t)=(C⊤⋉P⋊σ̃)(t)+Ξ∗(t)⊤(D⊤⋉P⋊σ̃)(t)+

∫ T

t

(A(r, t)+B(r, t)

×Ξ∗(t))⊤η(r, t)dr +

∫ T

t

(C(r, t) +D(r, t)Ξ∗(t))⊤ζ(r, t)dr, 0<t<T,

787

where788

Ξ∗(t) ≡ −(R(t) + (D⊤ ⋉ P ⋊D)(t))−1(D⊤⋉P⋊C)(t), 0 < t < T,

Γ∗(s, t) ≡ −(R(t) + (D⊤⋉P⋊D)(t))−1(B⊤⋉P )(s, t), 0 < t < s < T.

Under Assumptions (A1)–(A2), it follows from Theorem 3.2 in [17] that Equation789

(A.8) admits a unique solution (η, ζ) ∈ L2
F,c(△2(0, T );R3n)×L2

F(△2(0, T );R3n). After790

a careful observation, we have that791

(P⋊b̃)(t, s)=
[
P (1)(t)Υ(t, s)+

∫ T

s

P (2)(t, r, s)Υ(r, s)dr
]
b(s),

(C⊤⋉P⋊σ̃)(t)=(C1(t), C2(t), C3(t))
⊤G1(t)σ(t),

(D⊤ ⋉ P ⋊ σ̃)(s) = D1(s)
⊤G1(s)σ(s), C(t, s) = Υ(t, s)(C1(s), C2(s), C3(s)),

D(t, s)=Υ(t,s)D1(s), B(t, s)=

∫ t

s

Π(t, s, θ)(B1(s)
⊤,B2(s+δ)⊤,(B3(θ)F̃ (θ,s))⊤)⊤dθ.

Then, we see that (A.8) can be rewritten as (3.13), which completes the proof.792
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Before proving Theorem 3.6, according to [17], we need some auxiliary results793

about the new control problem with the state equation (3.8) and the cost (3.9).794

To begin with, for any given t0 ∈ [0, T ), we consider the following system:795
796

(A.9)



Xt0,ξ,ς(t) = φ(t) +

∫ t

t0

[
A(t, s)Xt0,ξ,ς(s) +B(t, s)ut0,ξ,ς(s) + b̃(t, s)

]
ds

+

∫ t

t0

[
C(t, s)Xt0,ξ,ς(s) +D(t, s)ut0,ξ,ς(s) + σ̃(t, s)

]
dW (s), t0<t<T,

Θt0,ξ,ς(s, t) = φ(s) +

∫ t

t0

[
A(s, r)Xt0,ξ,ς(r) +B(s, r)ut0,ξ,ς(r) + b̃(s, r)

]
dr

+

∫ t

t0

[
C(s, r)Xt0,ξ,ς(r)+D(s, r)ut0,ξ,ς(r)+σ̃(s, r)

]
dW (r), t0<t<s<T,

ut0,ξ,ς(t) = Ξ(t)Xt0,ξ,ς(t) +

∫ T

t

Γ(s, t)Θt0,ξ,ς(s, t)ds+ ω(t), t0<t<T.

797

In terms of [17], we call any triplet (Ξ,Γ, ω) ∈ S(t0, T ) ≡ L∞(t0, T ; Rm×n) ×798

L2 (△2(t0, T );Rm×n)×L2
F(t0, T ;Rm) the causal feedback strategy. For any (Ξ,Γ, ω) ∈799

S(t0, T ), ξ ∈ C([−δ, 0];Rn) and ς ∈ L2(−δ, 0;Rm), let the triplet (Xt0,ξ,ς ,Θt0,ξ,ς ,800

ut0,ξ,ς) be the solution to the system (A.9) and write ut0,ξ,ς = (Ξ,Γ, w) [t0, ξ, ς]. A801

causal feedback strategy (Ξ∗,Γ∗, ω∗) ∈ S(t0, T ) is called a causal feedback optimal802

strategy of the new control problem if803

J
(
t0, ξ, ς; (Ξ

∗,Γ∗, ω∗) [t0, ξ, ς]
)
⩽ J

(
t0, ξ, ς;u

)
,

for any (ξ, ς) ∈ C([−δ, 0];Rn)× L2(−δ, 0;Rm) and any u(·) ∈ L2
F(t0, T ;Rm).804

The following result gives the closed-loop solvability for the new control problem,805

and its proof can be referred to in the Arxiv version of this paper [28].806

Lemma A.1. Let Assumptions (A1)–(A2) hold. Then, for any given t0 ∈ [0, T ),807

the causal feedback optimal strategy (Ξ∗,Γ∗, ω∗) of the new control problem on [t0, T ]808

with (3.8) and (3.9), is given by (3.14) and for t0 < t < T ,809

ω∗(t) = −R(t)−1
(
D1(t)

⊤G1(t)σ(t) +

∫ T

t

[ ∫ s

t

B(θ, t)⊤Π(s, t, θ)⊤η(s, t)dθ810

+D1(t)
⊤Υ(s, t)⊤ζ(s, t)

]
ds
)
,(A.10)811

where Π(·,·,·),Υ(·,·),R(·),G1(·) and G3(·,·,·) are defined by (3.10), (3.12), respectively.812

The proof of Theorem 3.6:813

Proof. The following is a brief proof. For more details, please refer to the Arxiv814

version of this paper [28]. The idea of the following arguments is to explicitly construct815

the desired five-tuple closed-loop strategy by the causal feedback strategy (Ξ∗,Γ∗, ω∗)816

in Lemma A.1. To this end, we divide the proof into 3 steps.817

Step 1: Given Ξ∗(·),Γ∗(·, ·) in (3.14), for later convenience we decompose them as818

Ξ∗(t)=
[
Ξ∗
1(t),Ξ

∗
2(t),Ξ

∗
3(t)

]
,Γ∗(s, t)=

[
Γ∗
1(s, t),Γ

∗
2(s, t),Γ

∗
3(s, t)

]
. In this step, we prove819

that the following process is an optimal closed-loop outcome control of Problem (P):820
821

u∗(t) = K∗
1 (t)x

∗(t) +

∫ t

t0

K∗
2 (t, s)x

∗(s)ds+K∗
3 (t)x

∗(t− δ)822

+

∫ t

t0

K∗
4 (t, s)u

∗(s)ds+ v∗(t), t0<t<T,(A.11)823

where824
825

K∗
1 (t)=Ξ∗

1(t)+

∫ T

t

[
Γ∗
1(s,t)+Γ∗

2(s,t)1
(
[t+δ]∧T,∞

)(s)+∫ s

t

Γ∗
3(s, t)F (s, θ)dθ

]
ds,(A.12)826

K∗
2 (t, s) = Ξ∗

3(t)F (t, s) + Γ∗
2(s+ δ, t)1[t−δ,T−δ](s) +

∫ T

t

Γ∗
3(θ, t)F (θ, s)dθ,(A.13)827

K∗
3 (t) = Ξ∗

2(t),(A.14)828
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K∗
4 (t, s)=

∫ T

s+δ

[
Γ∗
1(r,t)+Γ∗

2(r,t)1(s+2δ,∞)(r)1[0,T−δ)(t)+

∫ r

s+δ

Γ∗
3(r, t)F (r,θ)dθ

]
dr829

×B2(s+δ)1[t−δ,T−δ](s) +

∫ T

t

∫ T

θ′

(
Γ∗
1(r, t) + Γ∗

2(r, t)1[t0,T−δ)(θ
′)830

×1[t0,T−δ)(t)1(θ′+δ,∞)(r)+

∫ r

θ′
Γ∗
3(r, t)F (r, θ)dθ

)
B3(θ

′)F̃ (θ′, s)drdθ′,(A.15)831

v∗(t) = ω∗(t)+

∫ T∧(t0+δ)

t

Γ∗
2(s, t)ξ(s− t0 − δ)ds+

∫ t0

t−δ

[ ∫ T

s+δ

[
Γ∗
1(r, t) + Γ∗

2(r, t)832

×1(s+2δ,∞)(r)1[0,T−δ)(t)+

∫ r

s+δ

Γ∗
3(r, t)F (r,θ)dθ

]
drB2(s+δ)

]
ς(s−t0)ds1[t0,t0+δ](t),(A.16)833

and ω∗(·) is defined by (A.10).834

By Proposition 3.1, given (Ξ∗,Γ∗,ω∗) in Lemma A.1, the optimal control of Problem835

(P) is given by836837

(A.17) u∗(t) = Ξ∗(t)X∗(t) +

∫ T

t

Γ∗(s, t)Θ∗(s, t)ds+ ω∗(t), t0 < t < T,838

where X∗(·) ≡
[
x∗(·)⊤, y∗(·)⊤, z∗(·)⊤

]⊤
, and839

840

Θ∗(s, t) = φ(s) +

∫ t

t0

[
A(s, r)X∗(r) +B(s, r)u∗(r) + b̃(s, r)

]
dr841

+

∫ t

t0

[
C(s, r)X∗(r) +D(s, r)u∗(r) + σ̃(s, r)

]
dW (r), t0 < t < s < T.842

Our next idea is to rewrite (A.17) into (A.11). For later convenience, let Θ∗(·, ·) =843 [
Θ∗

1(·, ·)⊤,Θ∗
2(·, ·)⊤,Θ∗

3(·, ·)⊤
]⊤

. It then yields844
845

u∗(t) = Ξ∗
1(t)x

∗(t) + Ξ∗
2(t)x

∗(t− δ) + Ξ∗
3(t)

∫ t

t0

F (t, s)x∗(s)ds846

+

∫ T

t

[
Γ∗
1(s, t)Θ

∗
1(s, t) + Γ∗

2(s, t)Θ
∗
2(s, t) + Γ∗

3(s, t)Θ
∗
3(s, t)

]
ds+ w∗(t).(A.18)847

As to Θ∗
1, Θ

∗
2, Θ

∗
3, by the Fubini theorem, we obtain848

849

Θ∗
1(s,t)=x∗(t)+

∫ s∧(t+δ)

t

B2(r)u
∗(r−δ)dr+

∫ s

t

B3(r)

∫ t

t0

F̃ (r, θ)u∗(θ)dθdr,(A.19)850

Θ∗
2(s, t) = ξ(s− δ − t0)1[t0,t0+δ](s) + 1(δ+t0,∞)(s)

{
x∗(t ∧ (s− δ))851

+

∫ (t+δ)∧(s−δ)

t∧(s−δ)

B2(r)u
∗(r − δ)dr+

∫ s−δ

t∧(s−δ)

B3(r)

∫ t

t0

F̃ (r, θ)u∗(θ)dθdr
}
,(A.20)852

and853
854

Θ∗
3(s,t)=

∫ s

t0

[
F (s,r)x∗(t∧r)+

∫ (t+δ)∧r

t∧r

B2(θ)u
∗(θ−δ)dθ+

∫ t∧r

t0

∫ r

t∧r

B3(θ)F̃ (θ,θ′)u∗(θ′)dθdθ′
]
dr.855

Substitute the above estimate and (A.19)–(A.20) into (A.18), and apply the Fubini856

theorem to each of the resulting terms. Then, the optimal closed-loop outcome control857

(A.17) of Problem (P) becomes (A.11), and K∗
1 (·),K∗

2 (·, ·),K∗
3 (·), K∗

4 (·, ·), v∗(·) are858

given by (A.12)–(A.16).859

Step 2: In this step, we give furthermore explicit representations of K∗
1 ,K

∗
2 ,K

∗
3 ,860

K∗
4 and v∗ by means of (P (1), P (2)) and other given coefficients of the optimal con-861

trol problem. Let P = (P (1), P (2)) be the solution to the Riccati–Volterra equa-862

tion (3.11), and decompose them as P (1)(·) =
(
P

(1)
ij (·)

)
1⩽i,j⩽3

and P (2)(·, ·, ·) =863 (
P

(2)
ij (·, ·, ·)

)
1⩽i,j⩽3

. Then, by (3.10) and (3.14), for i = 1, 2, 3, we have864865

Ξ∗
i (t) = −R(t)−1D1(t)

⊤G1(t)Ci(t), t0<t<T,866
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Γ∗
i (s, t) = −R(t)−1

∫ T

t

B(θ, t)⊤
(
Π(s, t, θ)⊤1(t0,s)(θ)

[
P

(1)
1i (s)⊤, P

(1)
2i (s)⊤, P

(1)
3i (s)⊤

]⊤
867

+

∫ T

θ

Π(r,t,θ)⊤
[
P

(2)
1i (r, s, t)

⊤,P
(2)
2i (r, s, t)

⊤,P
(2)
3i (r, s, t)

⊤]⊤dr)dθ, t0<t<s<T.(A.21)868

From (A.15), we have869

K∗
4(t,s)=

{∫ T

s+δ

[
Γ∗
1(r,t)+Γ∗

2(r,t)1(s+2δ,∞)(r)1[t0,T−δ)(t)+

∫ r

s+δ

Γ∗
3(r,t)F (r,θ)dθ

]
dr

×B2(s+δ)
}
1[t−δ,T−δ](s)+

∫ T

t

∫ T

θ′

(
Γ∗
1(r, t)+Γ∗

2(r,t)1[t0,r−δ)(θ
′)1[t0,T−δ)(t)

+

∫ r

θ′
Γ∗
3(r, t)F (r, θ)dθ

)
B3(θ

′)F̃ (θ′,s)drdθ′ ≡ I1(t, s+ δ)1[t−δ,T−δ](s) + I2(t, s),

which implies that870

I1(t, s) =

∫ T

s

[
Γ∗
1(r,t)+Γ∗

2(r,t)1(s+δ,∞)(r)1[t0,T−δ)(t)+

∫ r

s

Γ∗
3(r, t)F (r,θ)dθ

]
drB2(s).

By (A.21) and some calculations, we derive871

I1(t,s)=−R(t)−1
{∫ T

t

B(θ,t)⊤
[∫ T

s∨θ

Π(r,t,θ)⊤P (1)(r)⊤
(
I,1(s+δ,∞)(r)1[0,T−δ](t)I,∫ r

s

F (r,θ′)⊤dθ′
)⊤
dr +

∫ T

s

∫ T

θ

Π(α,t,θ)⊤P (2)(r,α,t)⊤
(
I,1(s+δ,∞)(r)1[0,T−δ](t)I,∫ r

s

F (r,θ′)⊤dθ′
)
⊤dαdr

]
dθ
}
B2(s).

Similarly, by (A.21), we can treat I2 and then deduce K∗
4 (·, ·) in (3.16).872

Similar to the above steps, by (A.12) and (A.21), we get K∗
1 (·) in (3.15). From873

(A.13) and (A.21), we obtain K∗
2 (·, ·) in (3.16). By (3.12) and (A.14), we derive K∗

3 (·)874

in (3.15). In addition, combining (A.10), (A.16), (A.21) and applying the Fubini875

theorem, we deduce v∗(·) in (3.17).876

Step 3: In this step, we show that (K∗
1 (·),K∗

2 (·, ·),K∗
3 (·), K∗

4 (·, ·), v∗(·)) is the877

optimal closed-loop strategy of Problem (P) on [t0, T ] in terms of Definition 2.3.878

In fact, by the optimality in Step 1, it is sufficient to prove that (K∗
1 (·),K∗

2 (·, ·),879

K∗
3 (·),K∗

4 (·, ·), v∗(·)) ∈ L. Next we prove that K1(·) ∈ L2(t0, T ;Rn×m). Since880

(P (1), P (2)) ∈ Π(0, T ), we have881

ess sup
t∈(0,T )

|P (1)(t)|+
( ∫ T

0

∫ T

0

sup
t∈[0,s1∧s2]

|P (2)(s1, s2, t)|2ds1ds2
) 1

2 < ∞.

By the boundedness of F (·, ·), we obtain882

sup
t∈(0,T )

∫ T

t

|Υ(s,t)⊤P (1)(s)Υ(s,t)|ds⩽Mess sup
t∈(0,T )

|P (1)(t)|
∫ T

0

∣∣∣1+∫ s

0

|F (s,r)|dr
∣∣∣2ds<∞.

Here and hereafter M is a generic constant. Similarly one can treat the case of P (2).883

Thus the above two estimations imply the boundedness of G1(·). Recall Theorem 3.3,884

R(·)⩾βI for some constant β>0. Then, the boundedness of R1(·), R2(·), D1(·) imply885

that R(·)−1 is bounded. Notice that886887 ∫ T

t0

∣∣∣ ∫ T

t

∫ T

t

B(θ, t)⊤
∫ T

θ

(
P (2)(α, r, t)Π(r, t, θ)

)⊤
drΥ(α, t)dαdθ

∣∣∣2dt888

⩽
∫ T

t0

∣∣∣∫ T

t

|B(θ,t)|
∫ T

θ

∫ T

t

( 1

r − t
+1+

1

r − t
|E(r,t)|+ 1

r − t
|E(r,t+δ)|+|E(r,θ)|

)
889

×|P (2)(α, r, t)|
(
1 + |E(α, t)|

)
dαdrdθ

∣∣∣2dt.(A.22)890

By the boundedness of F (·, ·), B1(·), B2(·) and B3(·), we deduce891
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892 ∫ T

t0

∣∣∣ ∫ T

t

|B(θ, t)|
∫ T

θ

∫ T

t

1

r − t
|P (2)(α, r, t)||E(α, t)|dαdrdθ

∣∣∣2dt893

⩽ M

∫ T

0

∫ T

0

sup
t∈[0,α∧r]

|P (2)(α, r, t)|2dαdr < ∞.(A.23)894

Similar to (A.23), we can deal with other terms in (A.22) and prove that K1(·)∈L2(t0,895

T ;Rn×m). Furthermore, we can verify that (K∗
1 (·),K∗

2 (·, ·),K∗
3 (·), K∗

4 (·, ·), v∗(·)) ∈ L.896
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